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The function f (the principal derivate operation) of algebra A is called parametrically ex-
pressible via a system of functions Σ of A, if there exists the functions g1, h1, ..., gm, hm which
are expressed explicitly via Σ using superpositions, such that the predicate f (x1...xn) = xn+1 is
equivalent to the predicate ∃t1...∃tk ((g1 = h1) ∧ ... ∧ (gm = hm)) on the algebra A.
Let us consider the pseudo-Boolean algebra 〈M ;∧,∨,⊃,¬〉, where⊃ is relative pseudo-complement,
and ¬ is pseudo-complement.
We say that the system of pseudo-Boolean terms on the set of variables X (Ω – words over X ) is
parametrically complete in algebra 〈M ; Ω〉, if we can parametrically express the operations from Ω
via functions expressed by terms over Σ. The function f (x1, ..., xn) of M preserves the predicate
(relation) R (x1, ..., xm) if for any possible values xij ∈M (i = 1, ...,m; j = 1, ..., n) from the truth
of R (x11, x21, ..., xn1) , ..., R (x1n, x2n, ..., xmn) follows the truth of
R (f (x11, x12, ..., x1n) , ..., f (xn1, xn2, ..., xnm)).
The centralizer 〈f (x1, ..., xn)〉 coincides with the set of all functions of M , which preserve the
predicate f (x1, ..., xn) = xn+1, where the variable xn+1 differs from x1, ..., xn.
We examine the 5-valued pseudo-Boolean algebra Z5 = 〈{0, ρ, τ, ω, 1} ;∧,∨,⊃,¬〉, where 0 < ρ <
ω < 1, 0 < τ < ω < 1, ρ and τ are incomparable elements. The algebra Z3 = 〈{0, ω, 1} ;∧,∨,⊃,¬〉
is a subalgebra of Z5.
Let us define the function ϕ (p) on Z5 as follows:

ϕ (0) = 0, ϕ (ρ) = τ, ϕ (τ) = ρ, ϕ (ω) = ϕ (1) = 1.

The logic of the algebra A is defined as the set of all formulas that are true on A, i.e. formulas
identically equal to the greatest element 1 of this algebra.

Theorem 1. A system of formulas Σ is parametrically complete in the logic of algebra Z5 iff Σ
is parametrically complete in the logic of subalgebra Z3 and the system Σ is not included into the
centralizer 〈ϕ (p)〉 on algebra Z5.
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The n-dimensional hyperbolic manifold is usually considered as a homogeneous complex. One
compact polytope is sufficient to describe the manifold by pairwise identifying its faces. We discuss
an ”intermediate” way of representing the manifold by an equidistant (generalized) polyhedron over
compact basis as a submanifold of codimension one.
First such representation was proposed for a symmetric 3-submanifold of the Davis hyperbolic
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4-manifold on regular 120-cells. A totally geodesic 2-submanifold (or border), which is a surface
of genus 4 with a Platonic map {5, 5}, serves as a compact basis for equidistant polyhedra. We
call them also lens hyperbolic polytopes. Remark that from the combinatorial point of view, the
above Platonic surface {5, 5} of genus 4 is exactly the large star dodecahedron {5, 5/2}.
For some equidistant polyhedra with elliptic, parabolic and hyperbolic incidences of hyperfaces at
vertices, respectively over Platonic maps {4, 5}, {5, 4}, {5, 5} on surface of genus 4, we construct
examples that lead to compact or non-compact hyperbolic 3-manifolds. The geometry of such
manifolds is described. In dimension 4 the star regular polytope {5, 3, 5/2}, or 3-submanifold locally
geodesic immersed in Davis 4-manifold, can be considered as a compact basis for an equidistant
4-dimensional polyhedron over Platonic map {5, 3, 5}.
In a general case, we start with cells complexes over regular (semiregular or k-regular) maps on
totally geodesic hyperbolic submanifolds and indicate pairs of faces of the lens polytope that lead
to hyperbolic manifolds. Thus, using the proposed method, we construct manifolds starting from
their submanifolds not, as usually, from fundamental polytopes. Algebraic aspects of this approach
(embedding and extensions of the fundamental group) are discussed.
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Main concepts and definitions can be found in [1, 4, 6].

Definition 1. Quasigroup (Q, ·) is unipotent if and only if x · x = a for all x ∈ Q and some fixed
element a ∈ Q.

Definition 2. Quasigroup (Q, ·) has right unit element (a right unit) if there exists element e
(unique) such that x · e = x for all x ∈ Q.

Definition 3. A quasigroup (Q, ·) is said to be Neumann quasigroup if in this quasigroup the
identity

x · (yz · yx) = z (1)

holds true [3, 5, 2], [7, p. 248].

In the articles [3, 7, 2] the following result is pointed out.

Theorem 1. If quasigroup (Q, ·) satisfies the following identity

xy · z = y · zx, (2)

then (13)-parastrophe of this quasigroup satisfies Neumann identity (1).

Notice that the identity (2) has the following identity as its (13)-parastrophe : (x · yz) ·xy = z.

Theorem 2. If quasigroup (Q, ·) satisfies the identity (2), then this quasigroup is an abelian group.

Theorem 3. Any Neumann quasigroup (Q, ·) is isotope of an abelian group (Q,+) of the form
x · y = x− y.

Corollary 1. Any Neumann quasigroup (Q, ·) is unipotent and has right unit element.


