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The problem. Let I = [0, l] be a stick of length l. Let (Xn)1≤n≤N+1 be iid absolutely
continuous random variables valued into I and let F be their distribution. Let (Xn:N )

1≤n≤N+1
be

their order statistic and Yn = Xn:N − X(n−1):N , 1 ≤ n ≤ N + 1 be the corresponding spacings.

Here X0:N = 0. Let Gn = Gn (F ) = 1
N

∑
δNYn

l
be the normalized empirical distributions of

the spacings. It is known that if F is the uniform distribution, then Gn weakly converges to
the exponential distribution Exp (1) hence the Lorenz curves LN (x) =

∫ x
0
G−1
n (t) dt converge to

the Lorenz curve of the exponential distribution L (x) = x + (1− z) ln (1− x) . See for example
Towards understanding the Lorenz curve using the Uniform distribution ,Chris J. Stephens,Gini-
Lorenz Conference, University of Siena, Italy, May 2005).
Results. Let us say that a distribution on an interval I has the property (D) if the distributions
Gn (F ) weakly converge to some limit distribbution H = H (F ) . We prove

Theorem 1. Let a0 < a1 < a2 < ... < ak and Ij = [aj−1, aj). Suppose that F =

k∑
j=1

pjFj where

Fj are distributions on Ij having the property (D) and pj > 0,

k∑
j=1

pj = 1.

Then F has the property (D) ,too. Precisely, if limGn (Fj) = Hj then limGn (F ) =

k∑
j=1

pjHj ◦ h−1
πj
pj

where πj =
aj−aj−1

ak−a0 and hα (x) = αx is the homothethy.

Corollary 1. Suppose that Fj =Uniform(Ij) . Then H =

k∑
j=1

pjExp
(
pj
πj

)
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Corollary 2. COROLLARY 3. If F has a density f of the form f (x) =

k∑
j=1

αj1Ij then the Lorenz

curve of H is under the graph of x+ (1− x) lnx

Conclusion. The uniform distribution is the most egalitarian.


