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Egalitarian Allocations and the Inverse Problem for the Shapley Value
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In a cooperative transferable utilities game, the allocation of the win of the grand coalition is
an Egalitarian Allocation if this win is divided into equal parts among all players. The Inverse Set
relative to the Shapley Value of a game is a set of games in which the Shapley Value is the same as
the initial one. In the Inverse Set we determined a family of games for which this Shapley Value
is a coalitional rational value. The Egalitarian Allocation of the game is efficient, so that in the
Inverse Set relative to the Shapley Value, the allocation is the same as the initial one, but may not
be coalitional rational. In this paper, we shall be finding out in the same family of the Inverse Set,
a subfamily of games for which the Egalitarian Allocation is also coalitional rational. We show
some relationship between the two sets of games, where our values are coalitional rational. Finally,
we discuss the possibility that our procedure may be used for solving the same problem for other
efficient values. Numerical examples show the procedure to get solutions for the efficient values.
Key Words. Egalitarian Allocation, Coalitional Rationality, Inverse Problem.

Kernels in Transitively Orientable Graphs
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Kernel represents an abstract generalization of a concept of solution for cooperative games.
These structures have many applications in game theory.[1] We will recall that kernel is a subset

of vertices K of the directed graph
−→
G = (X;U) when K does not contain adjacent vertices and

every vertex in X \K has a successor in K.[2]

Definition 1. [3] Graph F = (XF ;UF ) is called B-stable subgraph of the undirected graph G =
(X;U) if F is stable subgraph of G and for every stable subgraph M of G one of the following
conditions is satisfied:

1. XF ∩XM = ∅;

2. XF ⊆ XM .

Theorem 1. If K is a kernel of the transitively oriented graph
−→
G = (X;

−→
U ) and xi, xj ∈ K then

xi ∈ XFi and xj ∈ XFj , i 6= j, where Fi, Fj are B-stable directed subgraphs of the graph G.
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We consider a two persons game in complete and ”1� 2”−perfect information with the normal
form Γ = 〈X,Y,H1, H2〉 . The ”1� 2”−perfect information permits us to use other types of strate-
gies, which represents ”programs of action”. We call these strategies ”informationally extended
strategies” and denote the sets of these strategies by Θ1 = {θ1 : Y → X ∀y ∈ Y, θ1(y) ∈ X},
Θ2 = {θ2 : X → Y ∀x ∈ X, θ2(x) ∈ Y }. We shall remark the following ways to solve games in
informationally extended strategies.
1. For any strategies profile (θ1, θ2) it is constructed the normal forms of game on set of infor-

mationally nonextended strategies X,Y. Thus the set of games {Γ (θ1, θ2)}θ2∈Θ2

θ1∈Θ1
is generated. In

this case only the form of utility functions is chainged H̃1(x, y) ≡ Hi (θ1(y)), θ2 (x)) and (x∗, y∗) ∈

NE(Γ (θ1, θ2))�

 max
x∈X

H̃1(x, y∗),

max
y∈Y

H̃2(x∗, y).

2. The case when Ĥi : Θ1 × Θ2 → R are not functions, but functionals and we operate not with
elements x ∈ X and y ∈ Y, but with the functions θ1 ∈ Θ1 and θ2 ∈ Θ2. Equilibrium profiles are
defined on the set Θ1 ×Θ2.
3. The case when the utility of players is described by the functions H1 and H2 respectively, but
solutions are defined on the set Θ1 × Θ2. Let (x∗, y∗) ∈ NE(Γ), then as a solution one can take

the strategy profile (θ∗1 , θ
∗
2) ∈ Θ1 ×Θ2 for which is verified

{
θ∗1(y) = x∗ ∀y ∈ Y,
θ∗2(x) = y∗ ∀x ∈ X.

4. The case when it is ”extended” the number of players introducing ”1 � 2”informational type

players. It is considered the game with the following normal form Γ̃ =
〈
I, J,Θ1,Θ2, H̃i, H̃j

〉
,

where I is the set of θi1−informational type players ”generated” by the strategy θi1 ∈ Θ1, J is

the set of θi2−informational type players ”generated” by the strategy θi2 ∈ Θ2, H̃i

(
θi1, θ

j
2

)
, i ∈ I,

respectively H̃j

(
θi1, θ

j
2

)
, j ∈ J, is the utility function of the θi1−informational type players, respec-

tively of the θj2−informational type players. Here it is possible to use Harsanyi principle in solving
such types of games.


