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MONOTONIA UNOR METODE
»VOTURI-DECIZIE” RP
MULTIOPTIONALE

Dr. hab. prof. univ. lon BOLUN, ASEM

Sunt cercetate unele aspecte de monotonie ale -
- Linear Divisor and Mixed , votes-decision” methods
ci metoda Divizor liniar -
- Divisor method is immune to Alabama, of Population
Populatiei §i al Noului stat. De asemenea, la doud -
partide (state), metodele Hamilton i Mixtd sunt imune -
la paradoxurile Alabama si cel al Populatiei; mai -
mult ca atat, metoda Mixta este imuna si la paradoxul .

metodelor Hamilton, Divizor liniar general si Mixta.
Este demonstrat faptul
general este imund la paradoxurile Alabama, al

Noului stat.
1. Introducere

Luarea deciziilor colective multioptionale prin -

votare cu reprezentare proportionald (RP) este larg - . . .
folositd in practicd. Insid caracterul in fintregi al - practice. B ut the nature in integers of the respective
. - . - optimization
problemei de optimizare respective conduce, de - . . . . . ; .
Minimisarea - dlsproportlongte solutions. Mlnlmal dlSpI‘OpOI'thIlal.lty

disproportionalititii reprezentdrii vointei decidentilor - of voters wills representaion in the final option
’ ’ ’ ’ - (decision) by PR voting is ensured by Hamilton

de metoda Hamilton [1, 2]. Cu regret, aceasti metoda method [1, 2]. Unfortunately, this method, unlike well-
. > . ’ > - known methods such as the d'Hondt [1], Sainte-Lagué
spre deosebire de asa metode bine cunoscute ca cele -

d’Hondt [1], Sainte-Lagué [1] si Huntington-Hill [3], - . . . .
< 7 . - - monotony requirement when increasing or decreasing

nu garanteaza respectarea cerintei de monotonie fatd - . .
e . . .~ . the number of options or of decision makers (the

de cresterea sau descresterea numarului de optiuni sau - .
. ; ; . ’ - Alabama, of Population and of New State paradoxes

al celui de decidenti (paradoxurile Alabama, al - 3. 4])
Populatiei si al Noului stat [3, 4]). Acest neajuns a - > 3.

cauzat folosirea mai rard a metodei Hamilton. Insi - . . N
z sau - Hamilton method. But the d'Hondt, Sainte-Lagué and
Huntington-Hill poate conduce la o disproportie - Huntington-Hill methods can lead to a significantly
semnificativ mai mare decat cea Hamilton, inclusiv cu - greater disparity than the Hamilton one, including the

’ - Quota rule violation [5].

obicei, la solutii disproportionate.

in optiunea finald (decizie) prin votare RP se asigura

aplicarea metodelor d’Hondt, Sainte-Lagué

incalcarea regulii Cotei [5].

In lucrare se cerceteazi unele aspecte de - . .

. . . . . - Linear Divisor [6]
monotonie ale metodelor Hamilton, Divizor liniar - . . . . .
general [6] si Mixta [7], in baza problemei de alegerc - examined in this paper, basing on prqblem of election
a deputatilor in Parlament pe liste de partid — unul din - ronfol:t[eri:lzf;fngrfl Piiézrsnent on party lists — one of the
de luare a deciziilor - . ) .
- decision-making by PR voting.

cele mai frecvente cazuri
colective multioptionale prin votare RP.

2. Consideratii preliminare

Problema de alocare a mandatelor include -
mirimile [5]: numirul total A de mandate in organul -
electiv; numéirul 7 de partide ce au depisit pragul electoral; -
numirul total ¥ de voturi acumulate de cele n partide; -

numarul total ¥; de voturi acumulate de partidul i,i =1,7; *

numirul de mandate x, alocate partidului i, i = Ln; [ — for party i, i =1,n; the number x; of seats allocated to

indicele de disproportionalitate. De asemenea, in diferite .
reguli VD se folosesc si asa marimi ca: Q = V/IM, u; — .
numarul curent de mandate deja alocate partidului 7 (u; :

>0) sia; = V/OJ - cota de jos pentru partidul i.
Se va considera ca marimile V;, i = 1..n sunt
ordonate in descrestere
Vi>Vy> V3> >V,
In diverse situatii, este

@.1)

utild

formalizarea |

MONOTONY OF SOME
MULTIOPTIONAL ,,VOTES-
DECISION” PR METHODS

Prof. Dr. Hab. Ion BOLUN, ASEM

Some monotony aspects of Hamilton, General
are investigated. It is proved that General Linear

and of New State paradoxes. At two parties (states),
Hamilton and Mixed methods are immune to Alabama
and of Population paradoxes;, moreover, the Mixed
method is immune to the New state paradox, too.

1. Introduction
Multioptional collective decision making by voting
with proportional representation (PR) is widely used in

problem leads, usually, to

[1] and Huntington-Hill [3] ones, do not ensure

This drawback has caused the rare further use of

Some monotony aspects of Hamilton, General
and Mixed [7] methods are

of collective multioptional

2. Preliminary considerations

The problem of allocation of seats includes
parameters [5]: the total number M of seats in the
elective body; the number n of parties that have
exceeded the threshold; the total number J of votes
cast for the n parties; the total number V; of votes cast

party i, i = 171; I - index of disproportionality. Also,
different ,,votes-decision” (VD) rules uses such
parameters as: O = V/M, u; - the current number of seats

" already allocated to party i (u; > 0) and ¢, = V0] -
- the lower quota of party i.

It will be considered that values V;, i = 1..n are

- ordered in decreasing

Vi>Va> V> ... >V @.1)
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paradoxurilor Alabama, al Populatiei si al Noului stat,
definita in cele ce urmeaza.
Definitie 2.1. Paradoxul Alabama nu are loc, daci la

V.=V,i=1.n 22)
M=M+g, (2.3)
unde g este un numar natural (intreg, mai mare ca
zero), au loc relatiile

X, 2x,i=l.n (2.4)
Afirmatia 2.1. In problema (2.2)-(2.4) este
suficient de demonstrat cazul g =1, adica
M=M+1. (2.9)

Intr-adevar, daci au loc relatiile {(2.2), (2.4), :
(2.5)}, atunci usor se demonstreaza si cazul general (g -
> 1) al problemei (2.2)-(2.4), aplicand consecutiv: M
=M+1,M =M +1,etc. m

Consecinta 2.1. Problema (2.2)-(2.4) se reduce la
cea {(2.2), (2.4), (2.5)}, care si se va cerceta in cele ce -
urmeaza.

Definitie 2.2. Paradoxul Populatiei are loc, daca

la
V.=V, i=1.. nlk (2.:6)
V.>V, 2.7)
M=M (2.8)
are loc relatia
x}( < X. 2.9

Definitie 2.3. Paradoxul Noului stat nu are loc,
dacd la (2.2) si

Vi =0,V >0 (2.10)
M= M, @1

au loc relatiile
X, =x,i=1.n, (2.12)

unde valoarea marimii X, , in (2.11) se determind in

rezultatul  aplicarii  metodei VD  folosite la .
determinarea x;, { = l..n, tindnd cont de valorile .
marimilor M'si V;, i=1..n.

Este cunoscut, de asemenea, cd metodele d’Hondt, :
Sainte-Lagué si Huntington-Hill sunt imune la aceste .
trei paradoxuri [1].

Afirmatia 2.2. Pentru problema {(2.2), (2.4),
(2.5)}au loc relatiile

a,<a <a +1,i=1.n. (2.13)
Intr-adevar, au loc .

O=VIM>Q =VI(M+ 1), (2.14)

deci au loc si

vl _|n :
a,=|*|<a =] L. @.15) -
0 0 :
A ramas de demonstrat ca :
a,<a,+1,i=l.n. (2.16)

Intr-adevir, relatia (2.16) poate fi prezentata in

Revista / Journal ,, ECONOMICA” nr.3 (89) 2014

In various situations, it is useful to formalize the

- Alabama, of Population and of New State paradoxes,
- defined below.

Definition 2.1. The Alabama paradox do not occurs if
V.=V, i=1,.,n (22)

M=M+g, (2.3)

 where g is a natural number (integer, greater than zero),
- take place the relations

x;. 2x;,i=L..,n (2.4)
Proposition 2.1. In problem (2.2)-(2.4) it is
- sufficient to prove only the case g =1, i.e.
M=M+1. (2.5)

Indeed, if relations {(2.2), (2.4), (2.5)} occur, then
it is easy to prove the general case (g > 1) of the

. problem (2.2)~(2.4), applying consecutively: M~ = M’
1L, M

M”+1,etc.m
Consequence 2.1. Problem (2.2)-(2.4) reduces to

- the {(2,2), (2,4), (2,5)} one, which is examined below.

Definition 2.2. The paradox of Population occurs,

S ifat

: V.=V, i=1.. nlk (2.6)
V.>V, 2.7)

. M=M (2.8)

- takes place the relation

. X, <X,. (2.9)

Definition 2.3. The New State Paradox do not

. occurs, if at (2.2) and

Vi =0,V >0 (2.10)
M= Max, @1

- take place the relations
x; =x;, i=L..,n, (2.12)

where the value of x; 41 10 (2.11) is determined as a

result of applying the VD method, used when
determining x;, i = 1,...,n, taking into account the values

cof Mand V,i=1,....n.

It is known also that the d'Hondt, Sainte-Lagué and
Huntington-Hill methods are immune to the three

. paradoxes in question [1].

Proposition 2.2. For problem {(2.2), (2.4), (2.5)}

- occur the relations

a,<a <a +1,i=1l.n. (2.13)
Indeed, we have
: O=VIM>Q =VI(M+ 1), (2.14)
- so take place also
vl _|%
a,=|—|<a, =|—| (2.15)
Q Q
It remained to be proved that
a,<a +1l,i=l.n. (2.16)

Really, the relation (2.16) can be transformed to the
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forma

oslaHse) o

Totodata, din (2.14) avem

O’ = OMI(M + 1). (2.18) -
Astfel, tinand cont ca V' = OM, obtinem :
— 1= =|—+— 2.19)
Q Q0 M oV ;
Inlocuind (2.19) in (2.17), obtinem :
—+—|<|—+1 (2.20)
Q Vi L9

Dar, deoarece n >2si V;> 0, i = 1..n, are loc Vi/V -
< 1. Astfel, inegalitatea (2.20) are loc, deci are loc si -
- therefore occurs (2.16), too. Combining (2.15) and
- (2.16), we obtain (2.13).m

(2.16). Imbinand (2.15) si (2.16), obtinem (2.13). m
3. Monotonia metodei Divizor liniar general

Prezintd interes monotonia metodei Divizor liniar -

general (DLG) propuse in [6].

Afirmatia 3.1. Metoda Divizor liniar general este - . . 4
imund la paradoxurile Alabama, al Populatiei si al Divider method (GLD) proposed in [6].

Noului stat.

(2.4), (2.5)}).¥

este imuna la paradoxul Populatiei. ¥

metodei DLG, valoarea marimii x, ,, se determind din " applying DLG method, the value of x;m is determined

conditiile evidente Vi/[c(x; + 1) + 1] <V,;+1 /(cx,.; + - from the obvious conditions

n+l

'

1),i=1lnsiV,, lc(x

1)+ 1], 7= 1..n }. Aceasta nu afecteaza in vreun mod

n+l

relatiile dintre raporturile Vi/[c(x; + 1) + 1], i = l.n, :
deci se pastreaza intacte valorile marimilor x;, i = 1..n. ©
Astfel au loc (1.12) si metoda DLG este imuna Ia .

paradoxul Noului stat (vezi problema {(2.2), (2.10)- :
1 (2.10)-(2.12)}). =

(2.12)}). m

Consecinta 3.1. Metodele d’Hondt si Sainte-Lague -
sunt imune la paradoxurile Alabama, al Populatiei si -
- New State paradoxes.

al Noului stat.

Intr-adevir, aceste metode sunt cazuri particulare :
ale metodei DLG: metoda d’Hondt — la ¢ = 1, iar cea .
Sainte-Lague — la ¢ = 2, metoda DLG fiind, conform
- according to proposition 3.1, immune to the three
- mentioned paradoxes.m

afirmatiei 3.1 imuna la paradoxurile in cauza. m

4. Monotonia metodelor Hamilton si Mixta la
n=2

Metoda Hamilton este considerata nemonotona .
[1]. Totusi, la n = 2, dupd cum se va demonstra in |

+ 1) + 1] < max {V/[c(x; + -
“max{Vy/[c(x;+ 1)+ 1],i= 1..n }. This does not affect in

form

o656
— <= |+1=|=|L|—=+1| (217
o] L9 o] L9

At the same time, from (2.14) we have

O =OM/(M + 1). (2.18)
Thus, given that V= QM, we obtain
— 1=l =|—+—| (2.19)
0 0 M o r
Substituting (2.19) into (2.17), we obtain
—+— < —=+1 (2.20)
O V] |9

But, since # > 2 and V; > 0, i = 1,...,n, occurs
relation V/V < 1. Thus, inequality (2.20) takes place,

3. Monotony of General Linear Divisor method

Of interest is the monotony of General Linear

Proposition 3.1. General Linear Divider method is

intr-adevir. metoda DLG alocd urmatorul mandat immune to Alabama, of Population and of New State
partidului cu cea mai mare valoare a raportului Vi/(cx; - paradoxes.

+1) - i i - , . .
imzlé f;p(;r:agzx?llll iellaﬁ)ii?adfvg’i der(c)Llr: ;inf(ze;t)e - with the highest value of the ratio Vi/(cx; + 1) — ratio
P P 7 . that does not depend on M, so the method is immune to

Totodata, cresterea numarului de voturi doar - Alabama paradox (see problem {(2.2), (2.4), (2.5)}). ¥

pentru partidul k (vezi problema {(2.6), (2.8)-(2.10)} -
conduce la cresterea raportului Vi/(cx; + 1), pe cand - only for p arty k (see prob}em 1(2.6), (2.8) ) (2'1(.))}
raporturile referitoare la celelalte partide rdméan - leads to the increase of ratio Vi/(cx; + 1), while ratios
in?acte deci nu poate fi (2.9) Astfelp metoda DLG - for the other parties remain intact, so can not occur

’ P e ’ - (2.9). Therefore the DLG method is immune to the

Indeed, DLG method allocates the next seat to party

At the same time, increasing the number of votes

in ce priveste paradoxul Noului stat, la aplicarea paradox of Population. ¥

With refer to the New State paradox, when

Ville(x; +
<V, . ex, + ), i=lnsi V, /[c(x,

I + 1]
el T H+1]<
any way the relations between ratios Vi/[c(x;+ 1) + 1], i
= l..n, thus are preserved intact the values of x;, i =

1,...,n. Therefore, occurs (1.12) and DLG method is
immune to the New State paradox (see problem {(2.2),

Consequence 3.1. The d’Hondt and Sainte-Lagué
methods are immune to Alabama, of Population and of

Really, these methods are particular cases of DLG
method: d'Hondt method — at ¢ = 1, and the Sainte-
Lagué one — at ¢ = 2, the DLG method being,

4. Monotony of Hamilton and Mixed methods at
n=2
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aceastd sectiune, ea este imund la paradoxurile -

Alabama si cel al Populatiei.
Afirmatia 4.1. La n = 2, metodele Hamilton si

Populatiei; mai mult ca atat, metoda Mixta este imuna
si la paradoxul Noului stat.

Intr-adevar, conform [6] la n = 2

metodelor Hamilton, Mixtd si Divizor liniar general

imuna si la paradoxul Noului stat. m

s (2.15),
unde 0 < Axl <1,i=1.2.Deciarelocsi(1.4).V

are loc

baza (2.13), avem:

a) dacd x; = a + 1 si x, = a,

'

are loc (2.4);
b) daca X1 = ap

'

are loc (2.4). ¥

Daca insd AM = 1, atunci in baza (2.13) pot fi -

doar doua cazuri:
o a=a+lsia, =a,;

d a =a sia=a,+1.

Fie are loc cazul (¢) @, =a,+1 si a,=a,.:

Daca Ax, = 0, atunci are loc (1.4). Daca insa Ax, = 1,

Ax, =1, adica:

o la metoda Hamilton, trebuie si fie AV, > AV,
Deoarece Ax, = 1, are loc AV, > AV,. Totodata, -
deoarece AM = 1, are loc AV, + AV, = Q, deci -
AV, > (/2. Pentru satisfacerea (1.4), este -

loc si-

suficient de demonstrat ca

AV,>Q,/2.

are

Intr-adevar,

AV, >AV,>Q/2>Q /2. Astfel are loc si -

24)V;

e la metoda Mixtd, trebuie sa fie V, /(ca, +1) = -

Va(car + 1) > V, [(ca, +1) = Vif[c(a; + 1) +1]. -
Deoarece Ax, = 1, are loc Vs(ca, + 1) > Vi(ca; + -
1) si obtinem Vy(ca, + 1) > Vi(ca; + 1) > .

Vi/[c(a, + 1) + 1]. Deci are loc si (2.4). ¥
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a=x,=a,+1 si x,=a,+1=a, si-

si x, = a, + 1, atunci .

a=x,=a,+1 si x,=a,+1=a, si-

avem -

Hamilton method is considered one no monotone

- [1]. However, at n = 2, as will be proved in this section,
- it is immune to Alabama and of Population paradoxes.
Mixta sunt imune la paradoxurile Alabama si cel al -

Proposition 4.1. At n = 2, Hamilton and Mixed

- methods are immune to Alabama and of Population
- paradoxes; moreover, Mixed method is immune to the
solutiile -
problemei {(2.2), (2.4), (2.5)}, obtinute la folosirea -
- problem {(2.2), (2.4), (2.5)}, obtained when applying the
coincid. Astfel, in baza afirmatiei 3.1, odatd cu metoda -
DLG sunt imune la paradoxurile Alabama si cel al -
Populatiei si metodele cercetate, metoda Mixta fiind -

New State paradox, too.
Indeed, according to [6], at » = 2 the solutions of

Hamilton, Mixed and General Linear Divisor methods,
coincide. So, basing on proposition 3.1, with the DLG
method, are immune to Alabama and of Population

Eparadoxes the investigated methods, too, the Mixed
Faptul poate fi demonstrat si nemijlocit, de -
exemplu, pentru paradoxul Alabama. La n = 2, -
deoarece 0 < AM < n — 1, mdrimea AM poate primi -
doar una din valorile 0 sau 1. Dacad AM = 0, atunci x; = -
a;, i = 1..n, adicd Ax, = Ax, = 0. Totodata, in baza (2.5) -
Ax, +Ax, =1, de:the , ,
D Ax; +Ax, =1, from where 0 <Ax, <1,i=1..2.
. . . L Iso takes pl 1.4).V
Daca AM = 1, atunci marimea AM poate primi | Soalso takes place (1.4)

doar una din valorile 0 sau 1. In cazul ca AM =0, in of the values 0 or 1. In case of AM = 0, basing on

. (2.13), we have:
atunci |

method being immune also to the New State paradox.m
That can be proved directly. Below an example is
given for Alabama paradox. At n =2, because 0 <AM <n
— 1, parameter AM can receive only one of the values 0 or
1.LIfFAM =0, thenx;=a;, i = 1,...,n, i.e. Ax; = Ax,= 0. At
the same time, basing on (2.5) and (2.15), occurs

If AM = 1, then parameter AM can receive only one

e) if x{, = a + 1 and x; = a, then
a,=x,=a,+1 and x, =a, +1=a, and
takes place (2.4);

f) if x{ = a and x, = a, + 1, then

a,=x,=a,+1 and x, =a, +1=a, and
takes place (2.4). ¥
But if AM = 1, than basing on (2.13) only two

© cases can be:

g a=a+lada,=a,;
h)y a =a and a,=a,+1.

Let occurs case (c): al' =qa,+1 and a'2 =a,.If

. . . . >~ Ax, = 0, then takes pl 1.4). But if Ax, = 1, then i
atunci pentru ca sa aiba loc (2.4) trebuie sa aiba loc si - : en takes place (14). But if Ax; enm

- order to occur (2,4) it must also take place sz =1,ie:

e when applying Hamilton method, it must be
AVZV > AVIV. Because of Ax, = 1, occurs AV, >

AV,. At the same time, because of AM = 1, takes
place AV, + AV, = Q, so AV, > 0/2. To satisfy (1.4),

it suffices to prove that AV, >, /2 also occurs.

Really, we have AV, >AV,>Q/2>Q /2.
So, also occurs (2.4) V¥

e when applying Mixed method,
V, l(ca, +1) = Vy(cay + 1) > V, [(ca, +1) =
Vil[e(a; + 1) + 1]. Because of Ax, = 1, occurs
Vy(cay + 1) > Vi(ca, + 1) and we obtain Vs(ca, +
1) > Vi(ca, + 1) > Vi/[e(a; + 1) + 1]. So, also
occurs (2.4). ¥

Let occurs case (d): ai =a, and a,z =a,+1.1f

it must be
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Fie are loc cazul (d) @, =a, si a,=a,+1.

Daca Ax; = 0, atunci are loc (2.4). Daca insa Ax; = 1,
atunci pentru ca sa se satisfaca (2.4) trebuie sa aiba loc -

si Ax, =1, adica:

e la metoda Hamilton, trebuie si fie AV, > AV, .

Deoarece Ax; = 1, are loc AV, > AV,. Totodata, °
deoarece AM = 1, are loc AV, + AV, = Q, deci !
AVy > Q2. Pentru satisfacerea (2.4), este :
si:
avem

suficient de demonstrat ca loc

AV, >Q,/2.

are

Intr-adevar,

AV, >AV,>Q/2>Q /2. Astfel are loc si -

24)V;

e la metoda Mixta, trebuie sa fie V) /(cai +1) =

Viteay +1)> V, l(cay +1) = Vaf[e(ar + 1)+ 1]. -
Deoarece Ax; = 1, are loc Vi(ca, + 1) > Va(cay + -
1) si obtinem Vi(ca; + 1) > Vy(cay + 1) > Vo/[c(ay -

+ 1)+ 1]. Deci are loc 51 (2.4). ¥

Astfel, la n = 2, pentru metodele Hamilton si Mixti -

are loc (2.4). m

In ce priveste paradoxul Noului stat, metoda;
Hamilton nu este imuna nici la n = 2 — exista situatii, -
cand addugarea celui de al treilea stat conduce la -

paradoxul in cauza (vezi exemplul 4.1).

Afirmatia 4.2. La n =2 (indiferent V> ¥, sau V; < -
V1), paradoxul Noului stat nu va avea loc nici in unul -

din urmatoarele doua cazuri:

1) daca la AV < AV, a; = ai, a = a si AV, <

AV;’ va avea loc
Mmax{Vl/(al + 1), Vz/(az + 1), (Vl— Vz)/((ll— (2 21)
az)} V< V3<Mmin{V1/a1, Vz/az} — V, ’
2) dacala AV <AV, si a, =a,+ 1 vaavealoc
MVil(ar +2)—V<Vi<MVil(ay+1)-V. (2.22)
intr-adevar, la AV, <AV, auloc x; = ay, x, = a, + 1

si, deoarece AV, =V, — Qa,, AV,= V,~ Qa,, obtinem -

Q> (V- V,)/(a,— a,). In asemenea conditii, paradoxul
Noului stat nu are loc in fiecare din cazurile:

1) Cl]y =a, Clzy =day, AVl’ <AV2‘;

2) Clzy =da +1.

Primul, din aceste doud cazuri, are loc dacid Q a; < -
Vi<Qay+ 1), Qar< Vo< Q(ay + 1), sau Vi/(a; + 1) -
<Q <ViaysiVal(ay + 1)< Q < Volay, si Q > (V, — -
Vz)/(al — az). Deci max{Vl/(al + 1), Vz/((lz + 1), (Vl -
Vo)(ai— ax)} < O < min{Vy/ay, V»la,}. Totodatd, O = -

N+ V+ VUM + x3) = (V+ V(M + x3) = (V +
V3)/M . Inlocuind, obtinem (2.21).

Un exemplu cu acest caz este prezentat in tabelul -

4.1 (cazul 1).

unde obtinem (2.22).
Un exemplu cu acest caz este prezentat in tabelul
4.1 (cazul 2).

Ax; = 0, then takes place (2.4). But if Ax; = 1, then to

satisfy (2.4) must also occur Ax1 =1,ie.
e when applying Hamilton method, it must be
AVII > AVZV. Because of Ax; = 1, occurs AV, >

AV,. At the same time, because of AM = 1, takes
place AV + AV, = Q, so AV, > Q/2. To satisfy

(1.4), it suffices to prove that AV, >Q, /2.

Really, we have AV, >AV,>Q/2>Q /2.

So, also occurs (2.4) ¥
e when applying Mixed method, it must be
V, l(ca, +1) = Vi(ca, + 1) > V, /(ca, +1) =
Vof[e(ay + 1) + 1]. Because of Ax; = 1, occurs
Vi(ca; + 1) > Vy(cay + 1) and we obtain Vi(ca; +
1) > Vz(Caz + 1) > Vz/[C(dz + 1) + 1] SO, also
occurs (2.4). ¥
Thus, at n = 2, for Hamilton and Mixed methods
takes place (2.4). m
With refer to New State paradox, Hamilton method
is not immune either at n = 2 — there are situations
- when adding the third state leads to the paradox in
question (see example 4.1).
Proposition 4.2. At n = 2 (regardless of V; >V, or
Vi < 1), the New State paradox does not occur either
- in one of two cases:
1)ifat AV, <AV, a; =ay, ay = a, and AV, <AV,
will take place

- Mmax{Vi/(a; + 1), Vol(ar + 1), (V1= V2)(a; -
(12)} -V< V3<Mmin{V1/a1, Vz/az} - V,

2) if at AV <AV, and a, =a, + 1 will take place
MVil(ar +2)=V<Vs<MVi(ar+1)-V. (2.22)

2.21)

: Indeed, at AV, <AV,, occur x; = a;, x = a, + 1 and,
- because of AV, = V- Qay, AV,=V,— Qa,, we obtain O
- > (V1= Vy)/(a; — a;). In such situations, the New State
- paradox does not occur either in one of two cases:

1) Cl]y =a, Clzy =day, AV1’<AV2‘;

2) Clzy =a +1.

The first of these two cases occurs if Qa, < V; <
O +1),0a:<V,<Q(ay+ 1), 0r Vi/(a, + 1)< Q <
Vilay and Vo/(ar + 1) < Q < Valay, and Q > (V= Va)l(ay
— az). So maX{Vl/(al + 1), Vz/(az + 1), (V1 — Vz)/(al —
a)} < Q’ < min{Vi/a;, Vo/a,}. At the same time, Q’ =
Vi + Vo V)M + x3) = (V+ V(M + x3) = (V +
: V3)/M . Substituting, we get (2.21).

An example of this case is shown in table 4.1 (case 1).
The second of these two cases occurs if Q (a; + 1)<

V,< O(ay + 2), from where Va/(a; +2) < Q < Val(ay +

Al doilea, din aceste doud cazuri, are loc daca -
O(a+ )< V2<Q(ar+2),deunde Val(ay +2) <Q <
Vol(ay + 1), sau, tinand cont ca Q = (V+ V3)/(M + x3), -
avem Vo/(ay +2) < (V+ V3)/(M + x3) < Val(ay + 1), de

1), or, taking into account that O = (V' + V3)/(M + x3),
we have Vo/(ay +2) < (V+ V)M + x3) < Val(as + 1),
from where we obtain (2.22).
An example of this case is shown in table 4.1 (case 2).
Example 4.1. Forn =2, M =12, V' =12000; n =3,

- M =13, five cases are shown in table 4.1.
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Tabelul 4.1/ Table 4.1

Cinci cazuri de aplicare a metodei Hamilton, paradoxul Noului stat /

Five cases of applying Hamilton method, New State paradox

Cazul i Vi a; AV; Xi Vi’ ai’ 4 V; xi,
Case

1 10499 10 499 10 10499 10 500,5 10

1 2 1501 1 501 2 1501 1 501,2 2
3 998 0 998 1
1 10001 10 1 10 10001 10 6,4 10

2 2 1999 1 999 2 1999 2 0,1 2

3 993 0 993 1

1 10501 10 501 11 10501 10 5779 11

3 2 1499 1 499 1 1499 1 506,7 1

3 900 1 900 1
1 10501 10 501 11 10501 10 4241 10

4 2 1499 1 499 1 1499 1 4913 2

3 1100 1 92,3 1

1 10499 10 499 10 10499 10 575.,9 11

5 2 1501 1 501 2 1501 1 508,7 1

3 900 0 900 1

Dupa cum se poate observa din tabelul 4.1, la
aplicarea metodei Hamilton, in cazurile 1-3 paradoxul -
- occur in cases 1-3, and takes place — in cases 4 and 5.

Noului stat nu are loc, iar in cele 4 si 5 — are loc.
5. Nonmonotonia metodei Hamilton la n >3

Dupa cum s-a vazut in s. 4, deja la n = 2 metoda
Hamilton poate sa nu fie imuna la paradoxul Noului -

stat (n” > 3), unele exemple fiind prezentate in tabelul

Alabama la n > 3.

nu satisfaca cerintele (2.4) de monotonie la paradoxul
Alabama.

AM’ pot avea doar una din valorile 0, 1 sau 2.

(2.4).V

pentru care in conditiile (2.1) au loc inegalitatile

AV <AV,< AV, (5.1)
ceea ce conduce la
AXIZA)Cz:O, AX3: 1, (52)

si noul mandat sa-i revind primului (sau celui de al
doilea) partid, iar un mandat de la al treilea partid sa -

fie preluat de cel de al doilea (sau de primul) partid.
2.4).V

nu se indeplineasca (2.4), trebuie s aiba loc

a4 =a, (53)

si, de asemenea, urmatoarele doua conditii

- which leads to

failure to satisfy (2.4), must take place

As can be seen from table 4.1, when applying
Hamilton method, the New State paradox does not

5. No monotony of Hamilton method atn >3

As seen in s. 4, already at n = 2 Hamilton method

- may not be immune to New State paradox (rn’ > 3),
4.1. Cu atat mai mult metoda Hamilton nu este imuni -
la paradoxul Noului stat la 7> 3. Si cercetim situatia -
cu imunitatea metodei Hamilton la paradoxul -

some examples being shown in table 4.1. Moreover,
Hamilton method is not immune to New State paradox
at n > 3. Let's examine the situation with immunity of

Hamilton method to Alabama paradox at n > 3.
Afirmatia 5.1. La n > 3, metoda Hamilton poate sd -

Proposition 5.1. At n > 3, Hamilton method may

not satisfy requirements (2.4) of monotony to Alabama
X - paradox.
Cazul n = 3. Intr-adevar, la n = 3, atat AM céat si -

Case n = 3. Indeed, at n = 3, both AM and AM’ 'can

- have only one of the values 0, 1 or 2.
1. Daca AM = 0, atunci in baza (2.15) are loc si -

1. If AM = 0, then basing on (2.15) also takes place

- (2.4).V
2. Dacd AM = 1, atunci evident cel mai convenabil -
caz, pentru nesatisfacerea conditiilor (2.4), este cel, -

2. If AM = 1, then obviously the most convenient
case for failure to satisfy the conditions (2.4), is that,

for which in conditions (2.1) occurs the inequalities

AV, <AVa< AVs, (5.1

AXIZA)Cz:O, AX3: 1, (52)
and the new seat to go to the first (or to the second)
party, and a seat from the third party to be taken over

a by the second (or by the first) party.
2.1. In cazul AM’ = 0, 1n baza (2.15) are loc si -

2.1. In case of AM’ = 0, basing on (2.15) also takes

). place (2.4). V¥
2.2. In cazul AM’ =1 sau cel AM’ =2, pentru ca sa -

2.2. In case of AM’ =1 or that of AM’ = 2, for

d = a, (5.3)

- and also the following two conditions
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AW, > AV, AW, > AV, (5.4)

unde AW, =V, —a,Q,i=1.3.
Din (5.1) avem :
AV, =V, —a,Q <AV, =V, - a,0 z
5.5) -
AV, =V, —a, Q< AV, =V, —a;0 ( ):

sau

{I/l —V; <(a, —a;)Q 5.6)
V, =V, <(a, —a;)0. :

Totodatd, din (5.4) obtinem
AW, =V, = a,0'> AV, =V, - 4,0’
AW, =V, —a,0'> AV, =V, — a, Q'

sau, tinind cont de (2.18),

V,=Vy>(a, —a)0'=(a,

imbindand (5.4) si (5.5), obtinem conditiile -

neindeplinirii (2.4) lan=3 si AM =1

M V=N
M+1<Q(a —a)<1
M V1 V3 )
<273
M+1 Qa,—a;)
sau
M<M<M+l :
V=V, :
v (5.9)

M<M<M+l.

2 3

3. Dacd AM = 2, adica AV, + AV, + AVs = 20, -
pentru -
nesatisfacerea cerintelor (2.4), este cel, pentru care au -

atunci evident cel mai convenabil caz,

loc inegalitatile

AV, <AV3< AV, AV, >20/3, AV3>Q/2, (5.10)
ceea ce conduce la
AJC]:A)C3:1,A.X2:0 (511)

si noul mandat sa-i revind primului (sau celui de al
doilea) partid, iar un mandat de la al treilea partid sa -

fie preluat de cel de al doilea (sau de primul) partid.

AV3<AV;si Vi > V3), de asemenea, daca

a, =a, +1. (5.12)

3.1. Daca AM’ = 0, atunci tinand cont de (2.15) are

locsi(2.4).V
32. In  camul

AV, + AV, + AV, =Q',

AM’

nu

1,

poate  fi

adica -

nici -

AW, > AV, AW, > AV, G4

" where AW, =V, —a,Q,i=1.3.

From (5.1) we have
{Amzm—mQ<An=n—a@

(5.5)
AV, =V, —a,0 <AV, =V, —a,0

" or

{Vl -V, <(a, —a;)Q (5.6)

V,=V; <(a, —a;)0.
At the same time, from (5.4) we obtain
AW, =V, —a,0'> AV, =V, —a,Q'
AW, =V, = a,0'> AV, =V, - 0,00

© or, taking into account of (2.18),

{Vl =Vi>(a,—a;)0'=(a, -

a,)OM /(M +1)

(5.7)
—a,)OM /(M +1).

Combining (5.4) and (5.5), we obtain the conditions

for the failure of satisfying (2.4) atn =3 and AM =1

M__ V-V,
M +1 a,—a
; Q;l V3) 59)
<2 3
M+1 Qa,—a;)
. or
M<M<M+l
V=V,
v (5.9)

M<M<M+l.

273

3. If AM = 2, ie. AVI + AVZ + AV3 = ZQ, then
obviously the most convenient case, for the failure of
satisfying requirements (2.4), is that, for which occur

the inequalities

AV,<AV;< AV, AV, >20/3, AVs> 02,  (5.10)

that leads to

AJC]:A)C3:1,A.X2:0 (511)
and the new seat to go to the first (or to the second)
party, and a seat from the third party to be taken over

- by the second (or by the first) party. However, the
Totodata, nesatisfacerea cerintelor (2.4) poate fi doar -
daca are loc (5.3) si, tindnd cont de (2.1) si (5.10) -
(inclusiv in sensul cd AV, + AV3 > 70/6 > O, AV, < -
- <AV3< AV, and V| > I3), also if

failure of satisfying the requirements (2.4) can take
place only if (5.3) and, in view of (2.1) and (5.10)
(including the meaning of AV, + AV3 > 70/6 > O, AV,

a =a +1. (5.12)
3.1. If AM” = 0, then taking into account (2.15) also
takes place (2.4). ¥
3.2. In case of AM’ 1, ie

AV, + AV, + AV, = (', there cannot be both either
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AV, > AV, si nici AV, >AV,, deoarece (vezi
(5.10)) AVs > 02 si AV, >AV,, deci
AV; >(Q/2. Astfel, chiar dacd a'2 =aq, +1,
oricum AX3 = 1siare loc (2.4). ¥

3.3. In cazul AM = 2, adica -
AV, + AV, + AV, =2Q", are loc

4 —a,. (5.13)

Intr-adevar, la a,=a,+1, ar fi
AV, + AV, + AV = Vi — (@i + DO + Vo — (ar +
DO +Vi—aQ° =Vt N+ V;-0(@tatat+2)=

cazului AM 2,
AV1 +AV2+AV3 =20".

caruia 1i

Astfel, in conditiile (5.10)-(5.13), pentru ca sa nu (2.4) must occur (5.3) and the following two conditions

se indeplineasca (2.4), trebuie sa aiba loc (5.3) si :

urmatoarele doud conditii

AV, > AV;, AV, > AV;. (5.14)
Din (5.10) avem
AV, =V, -a,0> AV, =V, —a,0
AV, =V, —a,Q <AV, =V;—a;0
sau
V.-V, >(a, —a :
{ Vs> (@ -a)0 515
V, =V, <(a,—a,)0. :

(5.13), obtinem

“even if there is a,=a,+1,
occurs (2.4). ¥

AV AV, + AV, =V, -
V- a =Vt V-

“MQ’ =M + 1) Q°— MQ’ = Q’, which is contrary to

V-MQ’=M + 1) 0’ —MQ’ = Q’, ceea ce contravine - g

corespunde -

LAV + AV, + AV, =20

AV, > AV, nor AV, > AV, because (see (5.10))

- AV3 > Q/2 and AV; > AV, so AV; > (/2. Thus,

anyway Ax3 =1land

3.3. In case of AM = 2, ie
LAV, + AV, + AV, =20", takes place
: 4 —a,. (5.13)
Really, at a'2 =a,+1, it would be

(a+ DO+ Va—(a+ HQ’
Q’(al"' mtazt+2)=V-

case AM’ = 2, to which corresponds

Thus, in conditions (5.10)-(5.13), for not to fulfil

AV, > AV, AV, > AV, (5.14)
From (5.10) we have
AV, =V, —a,Q>AV, =V, —a,0
AV, =V, —a,Q <AV, =V, —a,0
{Vl —Vy>(a,—a;)Q
(5.15)
V,=V; <(a, —a;)Q.

Moreover, from (5.14), taking into account (5.12)

. N . . .. and (5.13), we obtain
Totodatd, din (5.14), luand in consideratie (5.12) si -

{AVI' =V, —(a, +1)O'> AV, =V, —a,0'

AV V,—(a, +1)Q' >AV V,-a,Q0' AV; =V, -a,0'> AV V,—a,0'
AV2 =V, —a,0'> AV V, —a,0' . or, taking into account (2.18),
sau, tinand cont de (2.18),
{Vl -V, >(a,—a, +1)Q0'=(a, —a, +)OM /(M +1) 5.16)
5.
V,=Vs>(a, —a,)Q0'=(a, —a;)OM (M +1).
Imbinand (5.15) si (5.16), obtinem Combining (5.15) and (5.16), we obtain
V,—V, >Qmax{a, —a,,(a, —ay + )M /(M +1)}
M V,-V, <1 (5.17)
M+1 O(a, —ay)

in acelasi timp, avem (a; — a3 + DM/(M + 1) =
M/(M+ 1)+ M(a; — a3)/(M + 1) > (a; —a3)/(M + 1) +
M(a; — a3)/(M + 1) = a; — a;. Astfel, conditiile (5.17)
de neindeplinire a cerintelor (2.4) lan =3 si AM =2
se reduc la
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——Hd



Vi=Vy>0M(a,

M

v,

INFORMATICA / INFORMATICS

v,

M+1

sau

Vi(a,

M <

Imbinand (5.9) si (5.18), obtinem conditiile de -

—a,+1)

VI_V3

2

2

V(ia,—a

<1
O(a, —ay)

<M +1

v

3’)<M+1

3

neindeplinire a cerintelor (2.4) lan =3

M <

V(a,

M <

V(al

=V

—a, +1)
v, -
V(a,—a

3

» Vs

a;)

<M+1, laAM =1

<M+1, laAM =2

3)

<M +1.

—a,+1)/(M +1)

(5.18)

(5.19) -

Vi=V,>0M(a,—a, +1)/(M +1)
M v, -V,
<1
M+1 O(a, —ay)
. or
V(a,—a;+1) <Ml
=V
v v (5.18)
M<M<M+l
2 _V3
: Combining (5.9) and (5.18), we obtain the
- conditions of failure of requirements (2.4) atn =3
v <=8 ey aeam =1
1_V3
Via,—a, +1
(@, ~4, )<M+1, atAM =2 (5.19)
Vl 73
M <V(a2—_a3)<M+1.
2 _Vs

Toate cele trei conditii din (5.19) pot avea loc. ¥

Cazul n > 3. La n > 3, se extinde, fatd de cazul n =
3, gama de situatii, in care, la cresterea numarului de -
mandate, se satisfac cerintele, inclusiv similare celor -
(5.19), de preluare de catre unele partide de mandate -
- some parties of seats from other parties. m

de la alte partide. m

Exemplul 5.1. Fie: n =3, M =203, Q =50, V; =

5066, V, = 5016, V3 = 68. De verificat daca are loc -
- paradox occurs at M =204.
|_V,-/QJ, avem: a; = 101, a, = -
100 si a3 =1; AM = 1. De asemenea, V"= 5066 + 5016 -
= - 5016 + 68 = 10150 and, because (see (1.11)) Q" =

paradoxul Alabama la M = 204.
Tinand cont ci a; =

+ 68 = 10150 si, deoarece (vezi (1.11)) O’

OMI(M+1) = 50203204 = 5075/102, avem:
a, =Llvvorl = 101, a,=lrol = 100 i
a, =Ly’ l=1;am =2.
Conditiile (5.19) obtin forma
203 < w ~203,0812 <204
5066 —68
203 < 10150000=D _ 3 0821 < 204
5016-68

si se satisfac, deci nu ar trebui sd se indeplineascd -
- requirements (2.4).

cerintele (2.4).
Sa verificam Indeplinirea cerintelor (2.4). Avem:
AV =V —a;Q=5066—-101-50 = 16;

AV, =V, —a,Q=5016—-100-50 = 16;
AV3=V;—-a;0=68—-150=18.
DeciAx1=Ax2=0,Ax3= 1 Sl

X1:QI+AX1: IOI,X22612+A)C2:

as+ A)C3 =2

100,%3= "5 59

All three terms in (5.19) can take place. ¥

Case n > 3. At n > 3, extends, as against the case n
= 3, the range of situations in which, to the increase of
the number of seats, are satisfied the requirements,
including similar to the (5.19) ones, of takeover by

Example 5.1. Let: n =3, M =203, Q =50, V| =
5066, V, = 5016, V3 = 68. To verify if Alabama

Taking into account that a; = |_V,»/QJ, we have: a; =
101, a, = 100 and a3 = 1; AM = 1. Also, V = 5066 +

S OMI(M+1) = 50-203/204 = 5075/102, we have:
a, =lv/o] = 101, a,=lryQ] = 100 ;i
a, =Ly’ l=1;am =2.

Conditions (5.19) obtain the form
203 < 10150001-1) 203,0812 < 204
5066 — 68
203 <10150000=1) 53 0821 < 204
5016-68

and are satisfied, so it should not satisfy the
Let's check the requirements (2.4). We have:

AV =V —a;Q0=5066—-101-50 = 16;

AV, = Vz —a,Q=5016-100-50 = 16;

AVy=V3;—-a;Q=68—-150=18.
So Axl AXQ 0 A.X'3— 1 §1
X1 = a1+Ax1—101 Xy = 612+AX2 100,)('3:
2+ Ay (5.20)
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De asemenea:

AV, =V, —a,0'=5066 — 101-5075/102 =

5066 —101-5075/102 = 40,75;
AV, =V, —a,0 = 5016 — 100-5075/102 = 40,51;
AV, =V;—a;0 =68 — 1:5075/102 = 18,25.
Deci Ax, = Ax, =1, Ax;=0si
X, =a, +Ax, =102, x, =a, +Ax, =

101, x;, =a, +Ax; =1.
(5.20) si (5.21), se

(5.21)

Comparand

neindeplinirea cerintelor (2.4) si anume x; =l<x;=:

2, deci are loc paradoxul Alabama. m

6. Concluzii

La cresterea numarului total de mandate cu o
- unit, the lower quota can increase by at most one.

unitate, cota de jos poate creste cu cel mult o unitate.
Metoda Divizor liniar general este
paradoxurile Alabama, al Populatiei si al Noului stat.

paradoxul Alabama.

constati -

imund la -
- of New State and of Population paradoxes. Also, at n =
De asemenea, la » = 2 metodele Hamilton si Mixta -
sunt imune la paradoxurile Alabama si cel al -
Populatiei; mai mult ca atat, metoda Mixta este imuna -
si la paradoxul Noului stat. La » > 3, metoda Hamilton -
poate sd nu satisfacd cerintele (2.4) de monotonie la -

Also:
AV, =V, —a,Q'=5066 -
5066—-101-5075/102 = 40,75;
AV, =V, —a,Q = 5016 — 100-5075/102 = 40,51;
AV, =V;—a;0 =68 — 1:5075/102 = 18,25.
So Ax, = Ax, =1, Ax;=0and
X, = a, +Ax, =102, x, =a, + Ax, =101
Xy =a, +Ax; =1.
Comparing (5.20) and (5.21), one can found a non-

101-5075/102 =

T (5.21)

compliance with requirements (2.4), namely x; =1<

x3 =2, so the Alabama paradox occurs. m

6. Conclusions
When increasing the total number of seats by one

General Linear Divisor method is immune to Alabama,

2 Hamilton and Mixed methods are immune to
Alabama and of Population paradoxes; moreover, the
Mixed method is immune to New State paradox, too.
At n > 3, Hamilton method may not satisfy the
requirements (2.4) of monotony to Alabama paradox.
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