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����������Abstract:�The paper focuses on the polar and spherical coordinate systems. The first part is a synthe-
sis presenting a short history of the polar coordinates and several applications of these: graphs in polar 
coordinates, surface area of shapes, arc length of a line, etc. It also introduces the cylindrical coordinates 
system. The second part, which focuses on the spherical coordinates, shows how to build an algorithm that 
finds the shortest distance between two points on a sphere. As an example, the distance between Chisinau and 
several other cities is calculated based on their spherical coordinates only. 
     

      Cuvinte cheie: coordonate polare, sferice i geografice; produsul scalar.  
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6LVWHPXO�FDUWH]LDQ�GH�FRRUGRQDWH��LQWURGXV�GH�VDYDQWXO�IUDQFH]�5��'HFDUW��5HQH�'HVFDUWHV�������±�������
vQ�VHF��;9,,��D�vQVHPQDW��SHQWUX�PDWHPDWLFă��vQFHSXWXO�XQHL�QRL�HWDSH�GH�GH]YROWDUH��)LLQG�IRDUWH�VLPSOX��DFHVW�
VLVWHP�HVWH�FXQRVFXW�DVWă]L�RULFăUXL�HOHY�GH�JLPQD]LX��,GHHD�GH�ED]ă�D�VLVWHPXOXL�D�IRVW�GHWHUPLQDUHD�RULFăUXL�
SXQFW�GLQ�SODQ�SULQWU�R�SHUHFKH�RUGRQDWă�GH�QXPHUH�UHDOH��$VWIHO��VWXGLXO�PXOWRU�RELHFWH�GH�QDWXUă�JHRPHWULFă�
D�IRVW�UHGXV�OD�VWXGLXO�XQRU�QRĠLXQL�SXU�DOJHEULFH�úL�LQYHUV��

ÌQ� DFHODúL� WLPS�� H[LVWă� XQ� úLU� GH� SUREOHPH�� LQFOXVLY� vQ� PDWHPDWLFă�� SHQWUX� UH]ROYDUHD� FăURUD� VLVWHPXO�
FDUWH]LDQ�HVWH�LQFRPRG��JUHRL�VDX�FKLDU�LQDSOLFDELO��'H�H[HPSOX��XQD��GLQ�OLQLLOH��FXQRVFXWH�vQFă�GH�JUHFLL�DQWLFL��
spirala lui Arhimede��QX�PDL�SRDWH� IL�VWXGLDWă�SULQWU�R�HFXDĠLH� vQ�VLVWHPXO�FDUWH]LDQ�� ÌQ�DVHPHQHD�FD]XUL�VH�
DSHOHD]ă�OD�XQ�DOW�VLVWHP�GH�FRRUGRQDWH�±�VLVWHPXO�SRODU��FDUH�YLQH�Vă�O�FRPSOHWH]H�SH�FHO�FDUWH]LDQ��

6XE� IRUPD� DFWXDOă�� FRRUGRQDWHOH� SRODUH� DX� IRVW� HODERUDWH� SH� OD� PLMORFXO� VHFROXOXL� ��� LPHGLDW� GXSă�
FRRUGRQDWHOH�FDUWH]LHQH�DOH�OXL�'HFDUW��GH�LWDOLHQLL�Gregoire de Saint-Vincent�úL��Bonaventura Cavalieri��3XĠLQ�
PDL�WkU]LX��%ODLVH�3DVFDO�������±�������IRORVHúWH�FRRUGRQDWHOH�SRODUH�SHQWUX�FDOFXOXO�DUFHORU�SDUDEROLFH��,DNRE�
%HUQRXOOL�IRORVHúWH�XQ�VLVWHP�FX�XQ�SXQFW�SH�R�OLQLH��SH�FDUH�OH�QXPHúWH�pol��UHVSHFWLY�ax  polar ��ÌQ�VIkUúLW��
WHUPHQXO�HIHFWLY�coordonate polare�vL�HVWH�DWULEXLW�OXL�Gregorio Fontana��
      Sistemul polar de coordonate�FRQVWă�GLQWU�R�VLQJXUă�D[ă�QXPHULFă��QXPLWă axa polar ��RULJLQHD�FăUHLD�VH�
QXPHúWH�pol��2ULFDUH�SXQFW�M�GLQ�SODQ�GHWHUPLQă�GRXă�QXPHUH� �úL� ��XQGH�  �OM��LDU� �HVWUH�XQJKLXO��
GLQWUH�VHJPHQWXO�OM� úL� D[D�SRODUă� �)LJ������6H�QRWHD]ă�� � � �M ��1XPăUXO� � VH�QXPHúWH�raza polar � D�
SXQFWXOXL�M��LDU� �unghiul polar�DO�DFHVWXL�SXQFW��
������/HJăWXUD�GLQWUH�FRRUGRQDWHOH�FDUWH]LHQH� � � �x y �úL�FHOH�SRODUH� � �VH�VWDELOHúWH�GHVWXO�GH�VLPSOX��'DFă�
FHOH�GRXă�VLVWHPH�VXQW�VXSUDSXVH�DVWIHO�vQFkW�D[D�SRODUă�FRLQFLGH�FX�D[D�DEVFLVHORU��LDU�SROXO�±�FX�RULJLQHD��
DWXQFL�

�FRVx � VLQy � ���
�

'H�UHPDUFDW��Fă� �HVWH�XQLF��LDU� �HVWH�GHWHUPLQDW�FX�H[DFWLWDWHD��ʌ��
�

�������� �
���������� �$[D�SRODUă������������������� ���6SLUDOD�OXL�$UKLPHGH� Roza cu 3 petale�
�
�
6LVWHPXO�SRODU�DUH�XQ�úLU�GH�DSOLFDĠLL��
������� Grafice.�'DFă� �HVWH�IXQFĠLH�GH�DUJXPHQW� ��  �� ���DFHDVWă�IXQFĠLH�vúL�DUH�JUDILFXO�HL�vQ�VLVWH�PXO�
SRODU��'H�H[HPSOX��VSLUDOD�OXL�$UKLPHGH��)LJ�����HVWH�JUDILFXO�IXQFĠLHL�  ���
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     3HQWUX� D� FRQVWUXL� JUDILFXO� IXQFĠLHL� VLQ�a �� XQGH� �a �� VH�PDL� FRQVWDWă� XQHOH� SURSULHWăĠL� DOH� HL��
)XQFĠLD�HVWH�SHULRGLFă�FX�SHULRDGD���� ��3ULQ�XUPDUH��H�VXILFLHQW�GH�H[DPLQDW�IXQFĠLD�SH�LQWHUYDOXO�>����� @ ��
)XQFĠLD�H�GHILQLWă�SHQWUX� VLQ � � ��DGLFă�SHQWUX� � �� ��3HQWUX� ��� ���� � �IXQFĠLD�QX�DUH�VHQV��
9DORDUHD�PD[LPă�D�IXQFĠLHL�VH�REĠLQH�SHQWUX�VLQ � ���DGLFă�SHQWUX� �� ��vQ�DFHVW�FD]� ��� � a ��'kQG�
XQ�úLU�GH�YDORUL�DOH�DUJXPHQWXOXL� ��VH�FDOFXOHD]ă�YDORULOH�UHVSHFWLYH�DOH�IXQFĠLHL� � � ��3HQWUX�DFHVWH�
YDORUL�VH�FRQVWUXLHVF��vQ�VLVWHPXO�SRODU��SXQFWHOH�UHVSHFWLYH��8QLQGX�OH�FX�R�FXUEă�OLQă��VH�FRQVWUXLHúWH�JUDILFXOXL�
IXQFĠLHL� vQ� LQWHUYDOXO� >���� @ �� $FHVW� IUDJPHQW� GH� JUDILF� VH� YD� FRQVWUXL� úL� vQ� LQWHUYDOHOH� >��� ���� @o o ��
>��� ���� @ ��ÌQWUHJXO�JUDILF�DO�IXQFĠLHL�HVWH�UHSUH]HQWDW�vQ�)LJ����úL�VH�QXPHúWH�roza cu 3 petale��
��� Aria figurii.��6HFWRUXO�FXUELOLQLX���)LJ�����HVWH�R�ILJXUă��PăUJLQLWă�GH�JUDILFXO�IXQFĠLHL�  �� ��úL�GH�GRXă�

VHPLGUHSWH�  �Į��  �ȕ���Į��ȕ���3HQWUX�IXQFĠLD� � � �VH�DOFăWXLHVF��vQWU�XQ�DQXPLW�PRG��VXPHOH�
LQWHJUDOH��FDUH�FRQGXF�OD�IRUPXOD�GH�FDOFXODUH�D�DULHL�VHFWRUXOXL�FXUELOLQLX��

dA �

�
�

�
���

�
�����������������������

ÌQ�GRXă�H[HPSOH�VH�SRDWH�YHGHD�FXP�SRDWH�IL�DSOLFDWă�DFHDVWă�IRUPXOă��
�

������� �
�������������� �6HFWRUXO�FXUELOLQLX������������������������ $ULD�ILJXULL��PăUJLQLWH�GH�FHUFXUL�úL�GUHSWH�
���������������������������������������

������Exemplul 1��3HQWUX�D�FDOFXOD�DULD�ILJXULL��PăUJLQLWH�GH�UR]D�FX�WUHL�SHWDOH� �VLQa ��)LJ������VH�DSOLFă�
QHPLMORFLW�IRUPXOD������(YLGHQW��DULD�XQHL�SHWDOH�FRQVWLWXLH�R�WUHLPH�GLQ�DULD�vQWUHJLL�ILJXUL��3HQWUX�SULPD�SHWDOă��
� � � ��&RQIRUP�IRUPXOHL������DULD�vQWUHJLL�ILJXUL��

���� �� � �
� � �

� � �

� � � FRV� � �� VLQ � VLQ �
� � � � � �
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A a d a d ��

������Exemplul 2.�3HQWUX�D�FDOFXOD�DULD�ILJXULL��PăUJLQLWH�GH�FHUFXULOH �� �� yxx �� �� �� yxx �úL�

GH�GUHSWHOH� � �y x �� �y x ��)LJ�����SDUWHD�KDúXUDWă���FRRUGRQDWHOH�FDUWH]LHQH�FRQGXF�OD�FDOFXOH�JUHRDLH��
GHFL�VXQW�LQHILFLHQWH��'H�DFHHD��VH�WUHFH�OD�FRRUGRQDWH�SRODUH��FRQIRUP�IRUPXOHORU������ÌQ�FRRUGRQDWH�SRODUH��
SULPHOH�GRXă�HFXDĠLL�FDSăWă�IRUPD� �� � �FRV ��SHQWUX�FHUFXO�PLF��úL� � � � �FRV ��SHQWUX�

FHUFXO�PDUH���'UHSWHOH�DX�SDQWHOH��� � �úL� � ��FHHD�FH�GHWHUPLQă�HFXDĠLLOH�UD]HORU�SRODUH�� � � �úL�
� � ��([SULPkQG�DULLOH�FHORU�GRXă�VHFWRDUH�FXUELOLQLL�SULQ�LQWHJUDOH��FRQIRUP�IRUPXOHL������DIOăP�DULD�

ILJXULL��
�� �� �� ��

� � � � �
� �

�� �� �� ��

� � ��FRV �FRV � FRV � �� FRV � �
� � �

A d d d d ��

��������Lungimea liniei,�GH�DVHPHQHD�SRDWH�IL�FDOFXODWă�vQ�VLVWHPXO�SRODU��0RGXOXO�úL�DUJXPHQWXO�XQXL�QXPăU�
FRPSOH[�z�VXQW�H[DFW�FRRUGRQDWHOH�SRODUH�DOH�LPDJLQLL�JHRPHWULFH�DOH�OXL�z��ÌQ�IRUPD�WULJRQRPHWULFă��QXPH�UHOH�
FRPSOH[H�VH�ULGLFă�VLPSOX�OD�RULFH�SXWHUH��IRUPXOD�OXL�0RLYUH���'H�DVHPHQHD��OD�H[WUDJHUHD�UăGăFLQLL�GH�RULFH�
RUGLQ�n�GLQWU�XQ�QXPăU�FRPSOH[�vQ�IRUPD�WULJRQRPHWULFă��VH�REĠLQ�H[DFW�n�YDORUL�DOH�DFHVWRU�UăGăFLQL��
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� �)LH�M(x,y,z)�XQ�SXQFW�DUELWUDU�GLQ�VLVWHPXO�FDUWH]LDQ�OXYZ�úL�3�SURLHFĠLD�OXL�SH�
SODQXO�XOY ��)LJ������'DFă�� � ��VXQW�FRRUGRQDWHOH�SRODUH�DOH�OXL�P��DWXQFL�SXQFWXO�M�HVWH�GHWHUPLQDW�úL�GH�
DOWH�WUHL�QXPHUH � � ��]��FDUH�FRQVWLWXLH�coordonatele cilindrice DOH�SXQFWXOXL�M: M( , ,z).�/HJăWXUD�GLQWUH�
FRRUGRQDWHOH�FDUWH]LHQH�úL�FHOH�FLOLQGULFH�HVWH�HYLGHQWă��

x = FRV ,  y = VLQ ,  z = z.� �����
                �

�����7UHFHUHD�GH�OD�FRRUGRQDWHOH�FDUWH]LHQH�OD�FHOH�FLOLQGULFH�VH�DSOLFă��GH�H[HPSOX��OD�FDOFXODUHD�XQRU�LQWHJUDOH�
WULSOH��

������� �
������������������������� �&RRUGRQDWHOH�FLOLQGULFH��������� ��&RRUGRQDWHOH�VIHULFH��
�
������� )LH�M(x,y,z)�XQ�SXQFW�DUELWUDU�GLQ�VLVWHPXO�FDUWH]LDQ�OXYZ�úL�P�SURLHFĠLD�OXL�SH�
SODQXO�XOY��3R]LĠLD�SXQFWXOXL�P�SRDWH�IL�GHWHUPLQDWă�úL�GH�DOWH�WUHL�QXPHUH�� � � ��ÌQ�DFHVW�FD]��  �OM��
�HVWH�XQJKLXO�GLQWUH�VHJPHQWXO�OP�úL�D[D�OX,�LDU� �HVWH�XQJKLXO�GLQWUH�OM�úL�SODQXO�XOY �)LJ�������1XPHUHOH�
� � � FRQVWLWXLH� coordonatele sferice DOH� SXQFWXOXL� M: M( , , )�� /HJăWXUD� GLQWUH� FRRU�GRQDWHOH�

FDUWH]LHQH�úL�FHOH�VIHULFH�VH�VWDELOHúWH�FX�XúXULQĠă��
x = FRV FRV ,  y = FRV VLQ ,  z = VLQ .       ������

&D�úL�FRRUGRQDWHOH�FLOLQGULFH��FHOH�VIHULFH�VH�DSOLFă��GH�H[HPSOX��OD�FDOFXODUHD�XQRU�LQWHJUDOH�WULSOH��8Q�LQWH�UHV�
GHRVHELW�vO�SUH]LQWă�PRGHOXO�FRRUGRQDWHORU�VIHULFH�vQ�JHRJUDILH�±�coordonatele geografice.��
������6H�úWLH��Fă�VXSUDIDĠD�3ăPkQWXOXL�QX�HVWH�R�VIHUă�SHUIHFWă��FL�H�WXUWLWă�OD�SROL��5D]D�3ăPkQWXOXL��vQ��SODQXO�
HFXDWRUXOXL��HVWH�GH�������NP��LDU�GH�OD�FHQWUXO�SODQHWHL�SkQă�OD�ILHFDUH��SRO��HD�HVWH�GH������NP��9RP�DG�PLWH��
WRWXúL�� Fă� 3ăPkQWXO� HVWH� R� VIHUă� SHUIHFWă� FX� UD]D� ����R NP�� ÌQ� PDMRULWDWHD� SUREOHPHORU�� OHJDWH� GH�
FRRUGRQDWH�� HURDUHD� FDUH� V�DU� REĠLQH� HVWH� QHVHPQLILFDWLYă�� 9RP� FRQVLGHUD� Fă� VLVWHPXO� FDUWH]LDQ�XOY� DUH�
RULJLQHD�vQ�FHQWUXO�3ăPkQWXOXL��D[D�OZ�H�RULHQWDWă�VSUH�SROXO�QRUG��$WXQFL�LQWHUVHFĠLD�SODQXOXL�GH�FRRUGRQDWH�
XOY�FX�VXSUDIDĠD�3ăPkQWXOXL�YD�FRLQFLGH�FX�HFXDWRUXO��$[D�OX  YD�IL�RULHQWDWă�VSUH�SXQFWXO�GH�LQWHUVHFĠLH�D�
HFXDWRUXOXL�FX�PHULGLDQXO�*UHHQZLFK��$FHVW�PHULGLDQ�D�IRVW�DOHV�FD�PHULGLDQ���vQ�DQXO������OD�R�FRQIHULQĠă�
LQWHUQDĠLRQDOă��D��JHRJUDILORU��(O�WUHFH�SULQ�ORFDOLWDWHD��*UHHQZLFK��VLWXDWă�vQ�DSURSLHUHD�/RQGUHL��XQLQG�FHOH�
GRXă�SROXUL�DOH�3ăPkQWXOXL��
������2ULFDUH�SXQFW�GH�SH�VXSUDIDĠD�3ăPkQWXOXL�HVWH�GHWHUPLQDW�GH�GRXă�FRRUGRQDWH� �úL� ,�D�WUHLD�FRRUGRQDWă�
ILLQG�FRQVWDQWă�� = R = 6367 NP����
�����9DORULOH�OXL� �VH�YRU�GHSXQH�GH�OD�PHULGLDQXO����FX�VHPQXO�³�´�VSUH�HVW��ORQJLWXGLQHD�HVWLFă��úL�FX�VHPQXO�
³�³�VSUH�YHVW��ORQJLWXGLQHD�YHVWLFă���$VWIHO������R���ș������R��9DORULOH�XQJKLXOXL��ĳ��VH�GHSXQ�GH�OD�HFXDWRU��FX�
VHPQXO�³�´�VSUH�QRUG��ODWLWXGLQHD�QRUGLFă��úL�FX�VHPQXO�³�³�VSUH�VXG��ODWLWXGLQHD�VXGLFă���$VWIHO��
���R�����ĳ������R���
�����3HQWUX�GRXă�SXQFWH�GH�SH� VXSUDIDĠD� VIHULFă��GLVWDQĠD�FHD�PDL� VFXUWă�QX�HVWH� OXQJLPHD� VHJPHQWXOXL�FH� OH�
XQHúWH��FL�OXQJLPHD�FHOXL�PDL�PLF�DUF��REĠLQXW�OD�LQWHUVHFĠLD�VXSUDIHĠHL�VIHULFH�FX�SODQXO��FH�WUHFH�SULQ�FHOH�GRXă�
SXQFWH�úL�FHQWUXO�3ăPkQWXOXL���9RP�H[SXQH�R�PHWRGă�GH�FDOFXODUH�D�DFHVWHL�GLVWDQĠH��
������)LH�M1( 1, 1)� úL�M2( 2, 2)� GRXă� SXQFWH� DUELWUDUH� SH� VXSUDIDĠD� VIHUHL��&RQIRUP� IRUPXOHORU� ����� VH� DIOă�
FRRUGRQDWHOH�ORU�FDUWH]LHQH��)LH�M1 (x1,y1,z1), M2 (x2,y2,z2)��6H�H[DPLQHD]ă�YHFWRULL�a = �OM = (x1,y1,z1)�úL�b

= �OM = =(x2,y2,z2)��)LJ�����FX�SURGXVXO�VFDODU a b � �x1 x2+y1y2+z1z2.  &RQVLGHUkQG��SHQWUX�vQFHSXW��Fă�UD]D�
VIHUHL� HVWH� HJDOă� FX� ��� DYHP _ _ _ _ �a b �� )LH� Ȗ� XQJKLXO� GLQWUH� YHFWRULL� a � úL� b �� LDU� FRV c �� $WXQFL��
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DUFFRV c ���&XQRVFkQG�XQJKLXO� �úL�UHYHQLQG�OD�UD]D�VIHUHL�HJDOă�FX�R��VH�DIOă�OXQJLPHD�DUFXOXL�FăXWDW�
��� RMM ��

�

������ÌQ�FDOLWDWH�GH�H[HPSOX��VH�YD�DSOLFD�DFHVW�DOJRULWP�SHQWUX�D�DIOD�GLVWDQĠHOH�GLQWUH�&KLúLQăX�úL�RUDúHOH�3DULV��
5RPD��:DVKLQJWRQ�úL�6\GQH\��
������3HQWUX�&KLúLQăX��ORQJLWXGLQHD�HVWLFă��  ���R��ƍ��LDU�ODWLWXGLQHD�QRUGLFă��  ���R��ÌQ�FRRUGRQDWH�FDUWH�]LHQH��
x = 0,596969, y = 0,329771, z = 0,731354��
������3HQWUX�3DULV��  ��R��������  ���R��
�����LDU�FRRUGRQDWHOH�FDUWH]LHQH���x  �����������y  ������������úL�z 

 �����������3HQWUX�XQJKLXO�GLQWUH�UD]HOH��FH�XQHVF�FHQWUXO�3ăPkQWXOXL�FX�FHOH�GRXă�RUDúH��VH�DIOă� =� ���������
�UDGLDQL���'LVWDQĠD�FHD�PDL�PLFă�GLQWUH�&KLúLQăX�úL�3DULV�VH�REĠLQH�HJDOă�FX����������NP��'LVWDQĠD�H[DFWă�HVWH�
HJDOă�FX���������NP�>�@���(URDUHD�UHODWLYă�FRQVWLWXLH���������
������ÌQ�PRG�DVHPăQăWRU��VH�DIOă�GLVWDQĠHOH�GLQWUH�&KLúLQăX�úL�RUDúHOH�5RPD��:DVKLQJWRQ�úL�6\GQH\��5H]XOWDWHOH�
VH�FRQĠLQ�vQ�WDEHOD�GH�PDL�MRV��
�  
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x=��������; 
y=��������; 
z=��������. 
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x=��������; 
y ���������; 
z=��������. 
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x=-��������; 
y=��������; 
z=-��������. 
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��� 3LVNXQRY��1�6��Calcul diferen ial i integral��Vol. 1.�&KLúLQăX��(G��/XPLQD��������
��� ZZZ��Distancecalculator.net��
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