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The development of toothed wheels manufacturing technologies on numerically
controlled machine tools (CNC) including additive technologies with 3D printing,
radically changes the approaches to the presentation of curvilinear surfaces of
the teeth flanks, based on mathematical models and computerized design on the
CAD/CAM/CAE platform. This paradigm mainly refers to gears with non-standard
profiles of multiple pair conjugated teeth with punctiform or linear contact of the
active surfaces, which ensure the transformation of the motion and the transmission
of the load. The paper addresses the problems of creating toothed gears 𝐴𝐷

𝐶𝑋-𝐶𝑉 for
2𝐾−𝐻precessional transmissions, with convex-concave contact 𝐾𝐶𝑋-𝐶𝑉 with the
small difference in the curves of the flanks of the multiple pair conjugated teeth.

In order to create the convex-concave contact 𝐾𝐶𝑋-𝐶𝑉 of the geared teeth with
spherospatial motion, we admit that the profile of the satellite teeth are designated
with the LEM curve of radius 𝑟.

The trajectory of the motion of the origin of the radius r in the spherospatial
motion of the satellite is presented by the function 𝜁 = 𝑓 (𝜉), and the profile of the
teeth of the central wheels is presented by the LEM function 𝜁1 = 𝑓 (𝜉1).

From the Euler kinematic equations, taking into account the kinematic relation
between the angles 𝜑 and 𝜓 expressed by ¤𝜑 = −𝑍1

𝑍2
¤𝜓, we obtain the trajectory of

the LEM motion 𝜁1 = 𝑓 (𝜉1) of origin 𝐺 of the radius of the circle arcs expressed
by the coordinates 𝑋𝐺 , 𝑌𝐺 , 𝑍𝐺 depending on the rotation angle of the crankshaft
𝜓:

𝑋𝐺 = 𝑅 cos 𝛿 [− cos𝜓 sin (𝑍1𝜓/𝑍2) + sin𝜓 cos (𝑍1𝜓/𝑍2) cos 𝜃]
− 𝑅 sin 𝛿 sin𝜓 sin 𝜃,

𝑌𝐺 = −𝑅 cos 𝛿 [sin𝜓 sin (𝑍1𝜓/𝑍2) + cos𝜓 cos (𝑍1𝜓/𝑍2) cos 𝜃]
+ 𝑅 sin 𝛿 cos𝜓 sin 𝜃,

𝑍𝐺 = −𝑅 cos 𝛿 cos (𝑍1𝜓/𝑍2) sin 𝜃 − 𝑅 sin 𝛿 cos 𝜃.

(1)

where 𝜃 is the nutation angle, 𝛿 – angle of the conical axoid.
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Figure 1. Description of the teeth profile of the central wheel through the wrap of
the circular arcs family in the coordinate system 𝑂�̄�𝑌 �̄�

The equation of the winding of LEM circle arc family on the sphere of radius
R is determined by solving jointly the equations, which describe the surfaces of
the flanks of the teeth of the satellite with a circle arc profile

Φ(𝑋,𝑌, 𝑍, 𝜓) = 𝑋�̄�𝐺 + 𝑌𝑌𝐺 + 𝑍�̄�𝐺 − 𝑅 cos 𝛽 = 0
𝑑Φ

𝑑𝜓
(𝑋,𝑌, 𝑍, 𝜓) = 0

(2)

and the equation of the surface of the sphere

𝑋2 + 𝑌2 + 𝑍2 − 𝑅2 = 0. (3)

For this we write from equations (2) and (3)
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𝑑Φ

𝑑𝜓
= 𝑋

𝜕�̄�𝐺

𝜕𝜓
+ 𝑌 𝜕𝑌𝐺

𝜕𝜓
+ 𝑍 𝜕�̄�𝐺

𝜕𝜓
,

𝜕�̄�𝐺

𝜕𝜓
=
𝜕𝑋𝐺

𝜕𝜓
cos𝜓3 −

𝑋𝐺

𝑢
sin𝜓3 +

𝜕𝑌𝐺

𝜕𝜓
sin𝜓3 +

𝑌𝐺

𝑢
cos𝜓3,

𝜕𝑌𝐺

𝜕𝜓
= −𝜕𝑋𝐺

𝜕𝜓
sin𝜓3 −

𝑋𝐺

𝑢
cos𝜓3 +

𝜕𝑌𝐺

𝜕𝜓
cos𝜓3 −

𝑌𝐺

𝑢
sin𝜓3,

𝜕�̄�𝐺

𝜕𝜓
=
𝜕𝑍𝐺

𝜕𝜓
,

𝜕𝑋𝐺

𝜕𝜓
= −𝑅 cos 𝛿 (1 − cos 𝜃) cos 2𝜓 − 𝑅 sin 𝛿 sin 𝜃 cos𝜓,

𝜕𝑌𝐺

𝜕𝜓
= −𝑅 cos 𝛿 (1 − cos 𝜃) sin 2𝜓 − 𝑅 sin 𝛿 sin 𝜃 cos𝜓,

𝜕𝑍𝐺

𝜕𝜓
= 𝑅 cos 𝛿 sin 𝜃 sin𝜓.

(4)

After replacing (4) in (2) and (3) we obtain

𝑋𝑂 =
−(𝑎𝑏 + 𝑑𝑒) ±

√︁
(𝑎𝑏 + 𝑑𝑒)2 + (1 + 𝑎2 + 𝑑2) (𝑅2𝑏2 − 𝑒2)

1 + 𝑎2 + 𝑑2

𝑌𝑂 = 𝑎𝑋𝑂 + 𝑏, 𝑍𝑂 = 𝑑𝑋𝑂 + 𝑒,
(5)

where,

𝑎 =

(
�̄�𝐺
𝜕�̄�𝐺

𝜕𝜓
− �̄�𝐺

𝜕�̄�𝐺

𝜕𝜓

)
/
(
�̄�𝐺
𝜕𝑌𝐺

𝜕𝜓
− 𝑌𝐺

𝜕�̄�𝐺

𝜕𝜓

)
,

𝑏 =

(
−𝑅2 cos 𝛽

𝜕�̄�𝐺

𝜕𝜓

)
/
(
�̄�𝐺
𝜕𝑌𝐺

𝜕𝜓
− 𝑌𝐺

𝜕�̄�𝐺

𝜕𝜓

)
,

𝑑 = −
(
�̄�𝐺 + 𝑎𝑌𝐺

)
�̄�𝐺

, 𝑒 =
𝑅2 cos 𝛽 − 𝑏𝑌𝐺

�̄�𝐺
.

Equations (5) describe the winding of the circle arc family on the sphere and
represent the profile of the teeth of the central wheels. To represent the profile of
the central wheel teeth in the normal section we project the winding on the sphere
on a P plane and after a series of transformations we obtain the plane projection of
the profile of the central wheel teeth defined by the Cartesian coordinates:

𝜉 =
{
(𝐸1𝐸2)2 + (𝑋 − 𝑋1)2 + (𝑌 − 𝑌1)2 + (𝑍 − 𝑍1)2

− (𝑋 − 𝑋2)2 + (𝑌 − 𝑌2)2 + (𝑍 − 𝑍2)2} (2𝐸1𝐸2)−1 ,

𝜁 =

√︃
(𝑋 − 𝑋1)2 + (𝑌 − 𝑌1)2 + (𝑍 − 𝑍1)2 − 𝜉2.

(6)
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Note: Based on the principle of forming the winding of the circle arc family
described with equations (5) with the location of their radius origins on the curve
described with the function 𝜁1 = 𝑓 (𝜉1) the kinematic model of the process of
generating of the central wheel teeth by spatial tumbling-rolling was developed,
which reproduces the geometry and kinematics of the interaction of the teeth in the
real precessional transmission.

Position of the origins of the circular arcs 𝐺 located on the curve 𝜁1 = 𝑓 (𝜉1)
presented in (fig. 2) by p. 1, 2, 3 . . . 𝑖 correspond to the precession angles 𝜓 of
the crank shaft rising from one pair of teeth to the other with the angular step
𝜓 = 2𝜋𝑍2/𝑍2

1 .

Figure 2. Active contact of the teeth in the pressional gear with frontal reference
multiplicity 𝜀 = 100% (a) and 𝜀 = 66, 6% (b)

Depending on the precession phase of the satellite, determined by the precession
angle 𝜓 of the crankshaft, each pair of teeth satellite - central wheel passes through
three geometric contact forms, namely from convex-concave in the contacts 𝑘0, 𝑘1

and 𝑘2, located in the foot zone of the central wheel teeth, to the convex-rectilinear
in the contacts 𝑘3 and 𝑘4, located in the area of passage of the profile of the central
wheel teeth from the concave to the convex and the convex-convex curvature in the
contacts 𝑘5, . . . , 𝑘14 (fig. 2 a) and 𝑘5, . . . , 𝑘8 (fig. 2 b) respectively, located in the
tip area of the central wheel teeth.

The radius of curvature at a certain point i of the teeth profile of the central
wheel is calculated according to the formula
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𝜌𝑖 =

√︃(
𝑋𝑖 − 𝑋𝑐𝑖

)2 + (
𝑌𝑖 − 𝑌𝑐𝑖

)2 + (
𝑍𝑖 − 𝑍𝑐𝑖

)2 (7)

in which 𝑋𝑐𝑖 , 𝑌𝑐𝑖 , 𝑍𝑐𝑖 are the coordinates of the center of curvature 𝑐𝑖

𝑋𝑐𝑖 =
Δ1𝑖
Δ𝑖
, 𝑌𝑐𝑖 =

Δ2𝑖
Δ𝑖
, 𝑍𝑐𝑖 =

Δ3𝑖
Δ𝑖
. (8)

where Δ𝑖, Δ1𝑖, Δ2𝑖 and Δ3𝑖 are the determinants of the equation system

Δ𝑖 = Δ𝑋𝑖 (𝑐𝑖Δ𝑌𝑖+1 − 𝑏𝑖Δ𝑍𝑖+1) + Δ𝑌𝑖 (𝑎𝑖Δ𝑍𝑖+1 − 𝑐𝑖Δ𝑋𝑖−1) (9)

+ Δ𝑍𝑖 (𝑏𝑖Δ𝑋𝑖+1 − 𝑎𝑖Δ𝑌𝑖+1) . (10)

Δ1𝑖 = 𝑑𝑖 (Δ𝑌𝑖Δ𝑍𝑖+1 − Δ𝑌𝑖+1Δ𝑍𝑖) . (11)

Δ2𝑖 = 𝑑𝑖 (Δ𝑌𝑖Δ𝑍𝑖+1 − Δ𝑌𝑖+1Δ𝑍𝑖) . (12)

Δ3𝑖 = 𝑑𝑖 (Δ𝑌𝑖Δ𝑍𝑖+1 − Δ𝑌𝑖+1Δ𝑍𝑖) . (13)

Figure 3 shows the variation of the difference of the curvature radius (𝜌𝑘𝑖 − 𝑟)
of the teeth profile of the central wheel 𝜌𝑘𝑖 and of the teeth of the satellite with the
radius 𝑟 in the contacts 𝑘𝑖 of the conjugated flanks, depending on the precession
angle 𝜓 for the toothed gears with different parametric configuration

[
𝑍𝑔 − 𝜃,±1

]
.

The profiles of the teeth flanks of the central wheel are described by the function
𝜁 = 𝑓 (𝜉) built according to the parametric equations of the wraping 6 of the circular
arcs family of the radius 𝑟 with the origin located on the trajectory of its movement
𝜁1 = 𝑓 (𝜉1). The profile of the satellite teeth is prescribed by a curve in circular arc
with the origin of the curvature radii located on the same curve 𝜁1 = 𝑓 (𝜉1).

It is obvious that the bearing capacity of the gear increases if the geometry of
the teeth contact has the convex-concave shape, and based on the classical theory
of teeth contact as deformable bodies, the difference in radii of curvature of the
conjugated flank profiles tends to be minimal.

From the perspective of decreasing energy losses in the teeth contact and
researching the wear of the convex-concave contact of the teeth, we reduce the
relative sliding velocity 𝑉𝑎𝑙 between the teeth flanks and the distances 𝑆1(𝜓) and
𝑆2(𝜓) traveled by the contact points 𝐸1 and 𝐸2, respectively, on the profiles of the
teeth of the central wheel and of the satellite according to the precession angle
𝜓. The distances traveled by the contact point on the profiles of the teeth of the
central wheel 𝑆1 and the satellite wheel 𝑆2 are considered equal to the distance
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Figure 3. The linear speeds at the contact point 𝑉𝐸1 , 𝑉𝐸2 , 𝑉𝐸3 (a) and the difference
in curvature radii (𝜌𝑘𝑖 − 𝑟) (b) of the conjugated profiles in the contact
𝑘𝑖 (c) depending on 𝜓 for 𝑍1 = 𝑍2 − 1 and 𝛿 = 22, 5◦ (𝑍1 = 24, 𝑍2 = 25,
𝜃 = 3, 5◦, 𝛿 = 22, 5◦, 𝑟 = 6, 27𝑚𝑚, 𝑅 = 75𝑚𝑚)

traveled by them between the positions determined by the angles 𝜓𝑘0 = 0 and
𝜓𝑘𝑖 = 360 · 𝑖 · 𝑍2/𝑍2

1 , where 𝑖 = 1, 2, 3 . . . - the order number of the contact of the
pairs of conjugated teeth.

From the above, the distance traveled by the contact point 𝐸1 on the flank of
the central wheel teeth is determined by the equation:

𝑆1(𝜓) =

𝑍2
𝑍1
𝜓∫

0

√︄(
𝑑𝑥𝐸1

𝑑𝜓

)2
+
(
𝑑𝑦𝐸1

𝑑𝜓

)2
+
(
𝑑𝑧𝐸1

𝑑𝜓

)2
𝑑𝜓

=

𝑡∫
0

√︃
¤𝑥2
𝐸1

+ ¤𝑦2
𝐸1

+ ¤𝑧2
𝐸1
𝑑𝑡,

(14)
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where ¤𝑥𝐸1, ¤𝑦𝐸1 şi ¤𝑧𝐸1 are the projections of the velocity vector of point 𝐸1 VE1 on
the axes 𝑋 , 𝑌 and 𝑍 .

The distance traveled by the contact point in 𝐸2 on the flank profile of the
satellite wheel teeth in a circle arc for the same values of the precession angle 𝜓 is
determined by the formula:

𝑆2(𝜓) =

𝑍2
𝑍1
𝜓∫

0

√︄(
𝑑𝑥1𝐸2

𝑑𝜓

)2
+
(
𝑑𝑦1𝐸2

𝑑𝜓

)2
+
(
𝑑𝑧1𝐸2

𝑑𝜓

)2
𝑑𝜓

=

𝑡∫
0

√︃
¤𝑥2
1𝐸2

+ ¤𝑦2
1𝐸2

+ ¤𝑧21𝐸2
𝑑𝑡,

(15)

where ¤𝑥1𝐸2, ¤𝑦1𝐸2 şi ¤𝑧1𝐸2 are the projections of the velocity vector of point 𝐸2 on
the coordinate axes 𝑥1, 𝑦1, 𝑧1.

The distances 𝑆1(𝜓) and 𝑆2(𝜓) traveled, respectively, by the point 𝐸1 on the
flank of the central wheel tooth (14) and by the point 𝐸2 on the flank of the satellite
wheel tooth (15) in relation to time (or precession angle 𝜓) are defined by the

integral
𝑡∫

0
𝑉𝐸𝑑𝑡 and can be calculated according to Simpson’s formula

𝑏∫
𝑎

𝑓 (𝑥)𝑑𝑥 ≈ 𝑏 − 𝑎
3𝑛

[𝑦0 + (𝑦1 + 𝑦3 + 𝑦5 + . . . + 𝑦𝑛−1) 4

+ (𝑦2 + 𝑦4 + 𝑦6 + . . . + 𝑦𝑛−2) 2 + 𝑦𝑛] ,

(16)

where, 𝑛 – even number, 𝑦0 = 𝑓 (𝑥0) = 𝑓 (𝑎); 𝑦𝑖 = 𝑓 (𝑥𝑖), 𝑦𝑛 = 𝑓 (𝑥𝑛) = 𝑓 (𝑏)
For example, the distance traveled by the point 𝐸1 on the flank of the central

wheel tooth 𝑆1 in relation to time or depending on the precession angle 𝜓 will be:

𝑆1(𝑡) =
𝑡∫

0

𝜈𝐸1𝑑𝑡 =

𝑡∫
0

√︃(
¤𝑥1𝐸1

)2 + (
¤𝑦1𝐸1

)2 + (
¤𝑧1𝐸1

)2
𝑑𝑡

=

𝜓∫
0

√︄(
𝑑𝑥𝐸1

𝑑𝜓

)2
+
(
𝑑𝑦𝐸1

𝑑𝜓

)2
+
(
𝑑𝑧𝐸1

𝑑𝜓

)2
𝑑𝜓 =

𝜓∫
0

Φ(𝜓)𝑑𝜓.

(17)

or according to Simpson’s formula 𝑆1(𝜓) it takes the form
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𝑆1(𝜓) ≈
𝜓 − 𝜓0

3𝑖

[
Φ0 +

(
Φ1 +Φ3 +Φ5 + . . . +Φ𝑖−1

)
4

+
(
Φ2 +Φ4 +Φ6 + . . . +Φ𝑖−2

)
2 +Φ𝑖

]
.

(18)

Analogously, substituting𝑉𝐸1 by𝑉𝐸2 in the formula (17) we obtain the distance
𝑆2(𝑖) traveled by the point 𝐸2 on the flank of the satellite wheel tooth depending
on the precession angle 𝜓.

The difference of the distances traveled by the points 𝐸1 and 𝐸2 between their
common contact, for example, in 𝑘0, corresponding to the precession angle 𝜓 = 0
and their position when 𝜓 = 𝜓𝑖 represents the relative sliding between the flanks
of the teeth of the conjugated wheels, so

𝑉𝑎𝑙 = Δ𝑆 = 𝑆1(𝜓) − 𝑆2(𝜓). (19)

In figure 4 it is presented the variation of distances 𝑆1 and 𝑆2 traveled by
the points 𝐸1 and 𝐸2 between the positions defined with the abgles 𝜓𝑘0 and 𝜓𝑘𝑖
corresponding to the contacts 𝑘0 . . . 𝑘𝑖 of pairs of simultaneously engaged teeth
and their difference Δ𝑆 for the toothed precessional gearing with the parameters
𝑍1 = 24, 𝑍2 = 25, 𝜃 = 3, 5◦, 𝛿 = 22, 5◦, 𝑟 = 6, 27𝑚𝑚 and 𝑅 = 75𝑚𝑚.

Figure 4. Distances 𝑆1 and 𝑆2 traveled by the contact points 𝐸1 and 𝐸2 between
positions with 𝜓𝑘0 and 𝜓𝑘𝑖 and their difference Δ𝑆 for the gear with the
modified shape of the teeth (a) and the location topology on the profiles
of the similar contact points 𝐸 (1)

1 and 𝐸 (2)
1 (b) (precessional gear 𝑍1 = 24,

𝑍2 = 25, 𝜃 = 3, 5◦, 𝛿 = 22, 5◦, 𝛽 = 4, 78◦, 𝑟 = 6, 27𝑚𝑚, 𝑅 = 75𝑚𝑚)
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In figure 4 (a) there are presented the distances traveled 𝑆1 and 𝑆2 and their
difference Δ𝑆 from the teeth contact 𝑘0(𝜓 = 0) and up to each teeth contacts
𝑘1 . . . 𝑘4, only for the first four pairs of bearing teeth conjugated as a result of the
modification of the shape of the teeth profile of the central wheel (that transmits the
load), and in figure 4 (b) it is presented the location topology on the teeth profiles
of the central and satellite wheel of the contact points 𝐸 (1)

1 and 𝐸 (2)
1 for the same

values of the precession angle 𝜓.
From the analysis in figure 4 (a) it can be observed that between the teeth

contacts 𝑘0 and 𝑘1 corresponding to the angles 𝜓 = 0 and 𝜓𝑘𝑖 ≡
2𝜋𝑖𝑍2
𝑍2

1
= 15, 6◦

the difference in the distances 𝑆1 − 𝑆2 made by the contact points 𝐸1 and 𝐸2

is only 0, 17𝑚𝑚, between the contacts 𝑘0 and 𝑘2 the difference in the distances
covered is Δ𝑆 = 0, 57𝑚𝑚, between the contacts 𝑘0 and 𝑘3 Δ𝑆 = 1, 25𝑚𝑚, between
𝑘0 and 𝑘4 − Δ𝑆 = 2, 17𝑚𝑚, between 𝑘0 and 𝑘5 Δ𝑆 = 3, 29𝑚𝑚, between 𝑘0

and 𝑘6 Δ𝑆 = 4, 57𝑚𝑚, between 𝑘0 and 𝑘7 Δ𝑆 = 5, 94, and between 𝑘0 and 𝑘8

Δ𝑆 = 7, 35𝑚𝑚.
The kinematics of the contact points 𝑘0, 𝑘1, 𝑘2 . . . 𝑘𝑖 corresponding to the

crank shaft positioning angles 𝜓0, 𝜓1, 𝜓2 . . . 𝜓𝑖 is characterized by varying the
linear speeds 𝑉𝐸1 and 𝑉𝐸2 and the relative sliding speed between the flanks 𝑉𝑎𝑙𝐾𝑖 .
The geometry of the teeth contact in the points 𝑘0, 𝑘1, 𝑘2 . . . 𝑘𝑖 is characterized
by the radii of curvature 𝜌𝑘𝑖 and 𝑟 of the conjugated profiles and their difference
(𝜌𝑘𝑖 − 𝑟). Tha analysis of the kinetics of the teeth contact is performed for the
frequency of the revolutions of the crank shaft 𝑛1 = 3000𝑚𝑖𝑛−1.

Thus, for the gearing corresponding to the configuration
[
𝑍𝑔 − 𝜃,−1

]
with

the corration of the teeth numbers 𝑍1 = 𝑍2 − 1 and the angle of the conical
axoid 𝛿 = 22, 5◦ presented in figure 3 (a) the linear speed in the teeth contact 𝑘0,
𝑉𝐸1 = 9, 83𝑚/𝑠, 𝑉𝑎𝑙𝑘0 = 0, 14𝑚/𝑠, and the curvature radius of the teeth profile
of the central wheel 𝜌𝑘0 = 6, 43𝑚𝑚 of the satellite wheel 𝑟 = 6, 27𝑚𝑚 and their
difference 𝜌𝑘0 − 𝑟 = 0, 16𝑚𝑚 (see fig. 3, a).

With the increase of the angular coordinate from one conjugated pair to the other
with the step 𝜓 = 2𝜋𝑖𝑍2/𝑍2

1 for example: from the angular coordinate 𝜓𝑘0 = 0◦

up to 𝜓 = 15, 6◦ attributed to contact 𝑘1 the linear speeds 𝑉𝐸1 and 𝑉𝐸2 decreases
𝑘1 registering in contact 𝑘1 the difference 𝑉𝑎𝑙𝑘1 = 𝑉𝐸2𝑘1 − 𝑉𝐸1𝑘1 = 0.34𝑚/𝑠 and
the difference of the curvature radii of the conjugated flanks in 𝑘1 𝜌𝑘1 = 1, 17𝑚𝑚;
in contact 𝑘2 corresponding to 𝜓 = 31, 2◦, 𝑉𝑎𝑙𝑘2 = 0, 67𝑚/𝑠 and the difference
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of the curvature radii 𝜌 − 𝑘2 − 𝑟 = 9, 55𝑚𝑚; in contact 𝑘3, corresponding to
𝜓 = 46, 8◦ 𝑉𝑎𝑙𝑘3 = 0, 99𝑚/𝑠, and the geometry of the teeth contact passes from
convex-concave to convex-convex with the external curvature radius of the teeth
profile of the central wheel 𝜌𝑘3 = 57.66𝑚𝑚. Figure 3 (c) shows the evolution of
the geometry from the contact 𝑘0 to the contact 𝑘4.

Conclusions and recommendations

(1) The mathematical modeling of the surfaces of machine parts interpreted on
computerized CAD/CAM/CAE design, research and manufacturing plat-
forms in the near future will revolutionize the global change of machine
tool park architecture of machine parts manufacturing plants and will also
generate enormous social consequences in the field of training of specialists
of all levels.

(2) The development of the CAD/CAM/CAE design-manufacturing platform
based on mathematical models facilitates the replacement of the classic
parts manufacturing processes with new manufacturing technologies on
numerically controlled machine tools and additive technologies with 3D
printers.

(3) The CAD/CAM/CAE platform based on mathematical models of cons-
tructive-functional interpretation of machine assemblies, changes the para-
digm of achieving the idea in industrial product in much smaller terms and
with much lower costs.

(4) The first three conclusions will impose harsh conditions for an essential
change in the content of the training of specialists at university, college and
vocational education and training professional levels.
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