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Perron-Frobenius dynamics for Markov chains
CHEBAN David

This talk is dedicated to studying the problem of asymptotic behavior of tra-
jectories of linear dynamical system

𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) (1)

with discrete time 𝑡 ∈ Z+ and non-negative stochastic matrix 𝐴 = (𝑎𝑖 𝑗 )𝑛𝑖, 𝑗=1, i.e.,
with the condition

𝑎𝑖 𝑗 ≥ 0 and
𝑛∑︁
𝑖=1

𝑎𝑖 𝑗 = 1(∀ 𝑖, 𝑗 = 1, 2, . . . , 𝑛) (2)

on the set 𝑀 := {𝑥 ∈ R𝑛 | 𝑥𝑖 ≥ 0,
∑𝑛

𝑖=1 = 1}. We also consider the generalization
of this problem for non-stationary (non-autonomous) linear systems

𝑥(𝑡 + 1) = 𝐴(𝑡)𝑥(𝑡), (3)

for some classes of non-linear systems

Δ𝑥(𝑡) = 𝑓 (𝑡, 𝑥(𝑡)), (4)

whereΔ𝑥(𝑡) := 𝑥(𝑡+1)−𝑥(𝑡)), and for abstract discrete non-autonomous dynamical
systems.

Perron-Frobenius dynamics.
Let 𝐴 = (𝑎𝑖 𝑗 )𝑛𝑖, 𝑗=1 be a stochastic matrix. The matrix 𝐴 can be considered as

the transition matrix for a Markov process acting on a set of 𝑛 states {1, 2, . . . , 𝑛}.
Let 𝑀 := {𝑥 ∈ R𝑛+ |

∑𝑛
𝑖=1 𝑥𝑖 = 1}. Let 𝐴 = (𝑎𝑖 𝑗 )𝑛𝑖, 𝑗=1 be a stochastic matrix.

Since
𝑛∑︁
𝑖=1

(𝐴𝑥)𝑖 =
𝑛∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝑎𝑖 𝑗𝑥 𝑗 =

𝑛∑︁
𝑗=1

( 𝑛∑︁
𝑖=1

𝑎𝑖 𝑗

)
𝑥 𝑗 = 1,

then 𝐴𝑥 ∈ 𝑀 for any 𝑥 ∈ 𝑀 . The positive iterations of the mapping 𝑥 → 𝐴𝑥

(𝑥 ∈ 𝑀) defines a discrete semi-cascade on 𝑀 . Note that the set 𝑀 is a compact
and convex subset of R𝑛+.

Denote by 𝐹𝑖𝑥(𝐴) the set of all fixed points of semi-cascade (𝑀, 𝐴).
Theorem 1. Let 𝐴 = (𝑎𝑖 𝑗 )𝑛𝑖, 𝑗=1 ∈ [R𝑛] be a stochastic nonnegative matrix with

𝑎𝑖𝑖 > 0 for any 𝑖 = 1, , . . . , 𝑛. Then the following statements hold:
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(1) the semi-cascade (𝑀, 𝐴) has a nonempty and compact set of fixed points
𝐹𝑖𝑥(𝐴) ⊆ 𝑀;

(2) for every 𝑥 ∈ 𝑀 there exists lim
𝑘→∞

𝐴𝑘𝑥 = 𝑝𝑥 and 𝑝𝑥 ∈ 𝐹𝑖𝑥(𝐴) for any
𝑥 ∈ 𝑀;

(3) every fixed point 𝑝 ∈ 𝐹𝑖𝑥(𝐴) of the cascade (𝑀, 𝐴) is positively stable,
ie.e, for any positive number 𝜀 ther exist a positive number 𝛿 = 𝛿(𝜀) such
that |𝐴𝑘𝑥 − 𝑝 | < 𝜀 for any 𝑘 ∈ Z+, whenever |𝑥 − 𝑝 | < 𝛿 (𝑥 ∈ 𝑀);

(4) the semi-cascade (𝑀, 𝐴) is compact dissipative and its Levinson center 𝐽

coincide with the set 𝐹𝑖𝑥(𝐴);

(5) 𝐹𝑖𝑥(𝐴) =
∞⋂
𝑘=0

𝐴𝑘𝑀 and it is convex;

Denote by 𝐼𝑛𝑡 (𝑀) the interior of the set 𝑀 .
Theorem 2. Suppose that the stochastic matrix 𝐴 is positive (𝑎𝑖 𝑗 > 0 for any

𝑖, 𝑗 = 1, . . . , 𝑛), then the following statements hold:

(1) the semi-cascade (𝑀, 𝐴) has a unique point 𝑝 ∈ 𝑀;

(2) the vector 𝑝 ∈ 𝑀 is positive, i.e., 𝑝𝑖 > 𝑜 for any 𝑖 = 1, . . . , 𝑛;

(3) 𝑝 is globally asymptotically stable, i.e.,

(a) for any positive number 𝜀 > 0 there is a 𝛿 = 𝛿(𝜀) > 0 such that
|𝑥 − 𝑝 | < 𝛿 (𝑥 ∈ 𝑀) implies |𝐴𝑘𝑥 − 𝑝 | < 𝜀 for any 𝑘 ∈ Z+; and

(b)
lim
𝑘→∞

𝐴𝑘𝑥 = 𝑝

for any 𝑥 ∈ 𝑀 .

Remark 3. Notice that for non-negative stochastic matrix 𝐴 = (𝑎𝑖 𝑗 )𝑛𝑖, 𝑗=1 with
𝑎𝑖𝑖 > 0 the set 𝐹𝑖𝑥(𝐴), generally speaking, it is not reduced to a single point.

This statement can be confirmed by following example
Example 4. Consider the following stochastic matrix

𝐴 =
©«

1 0 0
0 1/2 0
0 1/2 1

ª®®®¬ .
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It easy to check that

lim
𝑘→∞

𝐴𝑘
©«
𝑥1

𝑥2

𝑥3

ª®®®¬ =
©«
𝑥1

0
1 − 𝑥1

ª®®®¬
for any 𝑥1 ∈ [0, 1], because 𝑥1 + 𝑥2 + 𝑥3 = 1. Thus we have 𝐹𝑖𝑥(𝐴) := {𝑝𝛼 : 𝛼 ∈
[0, 1]}, where

𝑝𝛼 :=
©«
𝛼

0
1 − 𝛼

ª®®®¬ ,
i.e., 𝐹𝑖𝑥(𝐴) coincides with an entire (nontrivial) segment in 𝑀 .
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