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Multi-index transportation problem with non-linear cost functions

Tatiana Paşa
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In this paper we discuss the multi-index transportation problems [1, 2], which is a widespread
and current problem nowadays.
The aim of this paper is to model the multi-index transportation problem which implies solving
the non-linear problem with a non-linear objective function and linear restrictions and to propose
a method to solve the given problem that was mathematically modeled. We also present results
obtained from testing the described method on a diverse test data.
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Fix a natural number n ≥ 1. Denote by d the Euclidean distance on the n-dimensional Euclidian
space Rn and by Com(Rn ) the space of all non-empty compact subsets of Rn with the Pompeiu-
Hausdorff distance dP (A,B). The space R = R1 is the space of reals and C = R2 is the space of
complex numbers. The space (Com(Rn), dP ) is a complete metric space.
Fix a topological space G. By T (G) denote the family of all single-valued continuous mappings of
G into G. Relatively to the operation of composition, the set T (G) is a monoid (a semigroup with
unity).

A single-valued ϕ : G −→ Com(Rn) is called a set-valued function on G. For any two set-valued
functions ϕ,ψ : G −→ B(R) and t ∈ R are determined the distance ρ(ϕ,ψ) = sup{dP (ϕ(x), ψ(x)) :
x ∈ G} and the set-valued functions ϕ + ψ, ϕ · ψ, −ϕ, ϕ ∪ ψ, where (ϕ ∪ ψ)(x) = (ϕ(x) ∪ ψ(x),
and tϕ. We put (ϕ ◦ f)(x) = ϕ(f(x)) for all f ∈ T (G), ϕ ∈ SF (G) and x ∈ G. Let SF (G,Rn) be
the space of all set-valued functions on G with the metric ρ. The space SF (G,Rn) is a complete
metric space.

A set-valued function ψ : G −→ Rn is called lower (upper) semicontinuous if the set ψ−1(H)
= {x ∈ G : ψ(x) ∩ H 6= ∅} is an open (a closed) subset of G for any open (closed) subset H of
the space Rn. Denote by LSC(G,Rn) the family of all lower semicontinuous functions and by
USC(G,Rn) the family of all upper semicontinuous functions on the space G.

If ϕ ∈ SF (G) and f ∈ T (G), then ϕf = ϕ ◦ f and ϕf (x) = ϕ(f(x)) for any x ∈ G). Evidently,
ϕf ∈ SF (G).
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Fix a submonoid P of the monoid T (G). We say that P is a monoid of continuous translations
of G. The set P is called a transitive set of translations of G if for any two points x, y ∈ G there
exists f ∈ P such that f(x) = y. In particular, 1G ∈ P , where 1G is the identical translation on
the space G.

For any function ϕ ∈ SF (G,Rn) we put P (ϕ) = {ϕf : f ∈ P}.

Definition 1. A function ϕ ∈ SF (G,Rn) is called a P -periodic function on a space G if the
closure P̄ (ϕ) of the set P (ϕ) in the space SF (G,Rn) is a compact set.

Denote by P -aps(G,Rn) the subspace of all P -periodic set-valued functions on the space G.
Let µ : A −→ B be a perfect mapping of a space A onto a space B, PA ⊂ T (A), PB ⊂ T (B) and

h : PA −→ PB is a single valued mapping such that µ(f(x)) = h(f)(µ(x) for any x ∈ A and f ∈ PA.
Consider the mapping Φ(µ,h) : SF (A,Rn) → SF (B,Rn) and Ψ(µ,h) : SF (B,Rn) → SF (A,Rn),
where Φ(µ,h)(ϕ) = µ ◦ ϕ for each ϕ ∈ SF (B,Rn) and Ψ(ψ)f (y) = µ(ψg(µ

−1(y)), where h(g) = f .
We have Ψ(ψ)f (y) = ∪{µ(ψg(µ

−1(y)) : h(g) = f}.
Theorem 1. The mappings Φ(µ,h) and Ψ(µ,h) are continuous.

Theorem 2. Φ(µ,h)(PB-aps(B,Rn) ⊂ PA-aps(A,Rn) and

Psi(µ,h)(PA-aps(A,Rn) ⊂ PB-aps(B,Rn).
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Let Ω ⊂ Rn be a bounded open set with smooth boundary ∂Ω. We consider the following
singularly perturbed initial-boundary problem

ε ∂2
t uεδ + δ ∂tuεδ +Auεδ + |uεδ|q uεδ = f(x, t), (x, t) ∈ Ω× (0, T ),

uεδ
∣∣
t=0

= u0(x), ∂tuεδ

∣∣∣
t=0

(0) = u1(x), x ∈ Ω,

uεδ
∣∣
x∈∂Ω

= 0, t ∈ [0, T ),

(Pεδ)

where A is a strong elliptic operator, q > 0 and ε, δ are two small parameters.
We study the behavior of solutions uεδ to the problem (Pεδ) in two different cases:

(i) when ε→ 0 and δ ≥ δ0 > 0;

(ii) when ε→ 0 and δ → 0.

We obtain some a priori estimates of solutions to the perturbed problem, which are uniform with
respect to parameters, and a relationship between solutions to both problems. We establish that
the solution to the unperturbed problem has a singular behavior, relative to the parameters, in the
neighbourhood of t = 0. We show the boundary layer and boundary layer function in both cases.


