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Summary. Given a permutational wreath product sequence of cyclic groups [12, 6] of order 2
we research a commutator width of such groups and some properties of its commutator subgroup.
Commutator width of Sylow 2-subgroups of alternating group A2k , permutation group S2k and
Cp o B were founded. The result of research was extended on subgroups (Syl2A2k)′, p > 2. The
paper presents a construction of commutator subgroup of Sylow 2-subgroups of symmetric and
alternating groups. Also minimal generic sets of Sylow 2-subgroups of A2k were founded. Elements
presentation of (Syl2A2k)′, (Syl2S2k)′ was investigated. We prove that the commutator width [14]
of an arbitrary element of a discrete wreath product of cyclic groups Cpi , pi ∈ N is 1.
Let G be a group. The commutator width of G, cw(G) is defined to be the least integer n, such
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that every element of G′ is a product of at most n commutators if such an integer exists, and
cw(G) = ∞ otherwise. The first example of a finite perfect group with cw(G) > 1 was given by
Isaacs in [9].
A form of commutators of wreath product A o B was briefly considered in [7]. For more deep
description of this form we take into account the commutator width (cw(G)) which was presented
in work of Muranov [14]. This form of commutators of wreath product was used by us for the
research of cw(Syl2A2k), cw(Syl2S2k) and cw(Cp oB). As well known, the first example of a group
G with cw(G) > 1 was given by Fite [4]. We deduce an estimation for commutator width of wreath
product B o Cp of groups Cp and an arbitrary group B taking into the consideration a cw(B) of
passive group B.
A research of commutator-group serves to decision of inclusion problem [5] for elements of Syl2A2k

in its derived subgroup (Syl2A2k)′.
Results. We consider B o (Cp, X), where X = {1, .., p}, and B′ = {[f, g] | f, g ∈ B}, p ≥ 1. If
we fix some indexing {x1, x2, ..., xm} of set the X, then an element h ∈ HX can be written as
(h1, ..., hm) for hi ∈ H.

The set X∗ is naturally a vertex set of a regular rooted tree, i.e. a connected graph without
cycles and a designated vertex v0 called the root, in which two words are connected by an edge if
and only if they are of form v and vx, where v ∈ X∗, x ∈ X. The set Xn ⊂ X∗ is called the n-th
level of the tree X∗ and X0 = {v0}. We denote by vj,i the vertex of Xj , which has the number
i. Note that the unique vertex vk,i corresponds to the unique word v in alphabet X. For every
automorphism g ∈ AutX∗ and every word v ∈ X∗ define the section (state) g(v) ∈ AutX∗ of g at
v by the rule: g(v)(x) = y for x, y ∈ X∗ if and only if g(vx) = g(v)y. The subtree of X∗ induced

by the set of vertices ∪ki=0X
i is denoted by X [k]. The restriction of the action of an automorphism

g ∈ AutX∗ to the subtree X [l] is denoted by g(v)|X[l] . A restriction g(v)|X[1] is called the vertex
permutation (v.p.) of g in a vertex v.

The set X∗ is naturally a vertex set of a regular rooted tree, i.e. a connected graph without
cycles and a designated vertex v0 called the root, in which two words are connected by an edge if
and only if they are of form v and vx, where v ∈ X∗, x ∈ X. The set Xn ⊂ X∗ is called the n-th
level of the tree X∗ and X0 = {v0}. We denote by vj,i the vertex of Xj , which has the number i.

The commutator length of an element g of the derived subgroup of a group G is denoted
clG(g), is the minimal n such that there exist elements x1, ..., xn, y1, ..., yn in G such that g =
[x1, y1]...[xn, yn]. The commutator length of the identity element is 0. The commutator width of a
group G, denoted cw(G), is the maximum of the commutator lengths of the elements of its derived
subgroup [G,G].

Let us make some notations. The commutator of two group elements a and b, denoted

[a, b] = aba−1b−1,

conjugation by an element b as

ab = bab−1,

σ = (1, 2, . . . , p). Also Gk ' Syl2A2k , Bk = oki=1C2. The structure of Gk was investigated in [6].
For this research we can regard Gk and Bk as recursively constructed i.e. B1 = C2, Bk = Bk−1 oC2

for k > 1, G1 = 〈e〉, Gk = {(g1, g2)π ∈ Bk | g1g2 ∈ Gk−1} for k > 1.
The following Lemma follows from the corollary 4.9 of the Meldrum’s book [7].

Lemma 1. An element of form (r1, . . . , rp−1, rp) ∈ W ′ = (B o Cp)′ iff product of all ri (in any
order) belongs to B′, where B is an arbitrary group.

Proof. Analogously to the Corollary 4.9 of the Meldrum’s book [7] we can deduce new presentation
of commutators in form of wreath recursion
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w = (r1, r2, . . . , rp−1, rp),

where ri ∈ B.

Lemma 2. For any group B and integer p ≥ 2, p ∈ N if w ∈ (B o Cp)′ then w can be represented
as the following wreath recursion

w = (r1, r2, . . . , rp−1,

k∏
j=1

[fj , gj ]),

where r1, . . . , rp−1, fj , gj ∈ B, and k ≤ cw(B).

Lemma 3. An element (g1, g2)σi ∈ G′k iff g1, g2 ∈ Gk−1 and g1g2 ∈ B′k−1.

Lemma 4. For any group B and integer p ≥ 2 inequality

cw(B o Cp) ≤ max(1, cw(B))

holds.

Corollary 1. If W = Cpk o . . . o Cp1 then for k ≥ 2 cw(W ) = 1.

Corollary 2. Commutator width cw(Sylp(Spk)) = 1 for prime p and k > 1 and commutator width
cw(Sylp(Apk)) = 1 for prime p > 2 and k > 1.

Theorem 1. Elements of Syl2S
′
2k have the following form Syl2S

′
2k = {[f, l] | f ∈ Bk, l ∈ Gk} =

{[l, f ] | f ∈ Bk, l ∈ Gk}.

For the group G
′′

k we denote by sij vertex permutation of automorphism in vij .

Lemma 5. The group G
′′

k has equal permutation in vertices of X2, viz s21 = s22 = s23 = s24.

Theorem 2. Commutator width of the group Syl2A2k equal to 1 for k ≥ 2.

Proposition 1. The subgroup (syl2A2k)′ has a minimal generating set of 2k − 3 generators.

Conclusion . The commutator width of Sylow 2-subgroups of alternating group A2k , permu-
tation group S2k and Sylow p-subgroups of Syl2A

k
p (Syl2S

k
p ) is equal to 1. Commutator width of

permutational wreath product B o Cn, were B is an arbitrary group, was researched.
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The multiplication groups of quasigroups, i.e. the groups generated by all left and right trans-
lations, represent an efficient tool in the theory of quasigroups (loops). For example, using the
multiplications groups, the nilpotency of loops, in particular of commutative Moufang loops, is
studied in [1,3,4], some invariants under the isostrophy of Bol loops are found in [5].
Belousov considered in [2] the groups, generated by all left, right and middle translations of a quasi-
group, called the generalized multiplication group. He remarked that these groups are invariant
under parastrophy of quasigroups, and found a set of generators for the stabilizer of a fixed element
in the generalized multiplication group. The generalized multiplication groups and the generalized
inner mapping groups are invariant under the isostrophy of loops [6]. Also, it was shown in [6]
that the center Z(Q) of the generalized multiplication group GM(Q) of a loop Q defines a normal
subloop, which consists of those elements of the loop, which are invariant under all mappings from
the generalized inner mapping group J(Q) of Q.
The generalized multiplication group and the generalized inner mapping group of a commutative
Moufang loop Q are considered in the present work. In particular it is proved that:

1. J(Q) ≤ Aut(Q);


