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Two parameter singular perturbation problems for
sine-Gordon type equations

PERJAN ANDREI AND RUSU GALINA

Let Q c R” be an open bounded set with C! boundary Q. Consider the real
Hilbert space L?*(Q), endowed with the wusual inner product

(U, v)200) = u(x) v(x) dx and the norm | - |, and the real Sobolev space H(l) (Q),
Q

with the inner product (u, V)Hé(Q) = fQ (Vu(x), Vv(x))g. dx and the norm || - ||.
We consider the following initial-boundary problem for sine-Gordon type equa-
tion
& afugé + 0 Oitgs + Allgs + b sinugs = f, in QOr,
wes(x,0) = uo(x), Grugs(x,0) =ui(x), xeQ, (Pes)
ugsloa =0, >0,

where T > 0, Or = Q x (0,7), f € L*Qr), uo € V = Hy(Q),
up € H=1L(Q), b eR, b #+0,ed are two small parameters and A is a
strong elliptic operator of the type

A:D(A) = H(Q) NH\(Q) - LX(Q), Au=— Z By (@i (x) Beu(x)). (1)
ij=1

Namely, we suppose that the following conditions:

ajj € LOO(Q.), Cl,'j(x) = aj,-(x), a.e.in Q,

HA z
(HA) wo €] < Z a;j(x) & & < wr €], ae.inQ, VEER", 0 < wy < wi;

ij=1

(HSG) ¢go = wo — /lfl |b| > 0, where A is the first eigenvalue of the spectral
problem —Au = u, u|go =0
are fulfilled.

We investigate the behavior of solutions u.s to the problem (Pgs) in two
different cases:

(i) e > 0and 6 > 9g9 > O, relative to the solutions to the following unperturbed
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system:

0 0ls(x,1) + Als(x,t) + bsinls(x,t) = f(x,1), (x,t) € Qr,
l5(x,0) = uo(x), xe€Q, (Ps)
Islog =0, t>0;

(if) € > 0 and 6 — O, relative to the solutions to the following unperturbed
system:
Av(x,t)+ b sinv(x,t) = f(x,1), (x,t) € Or, (Po)
viga =0, t>0.

We obtain some a priori estimates of solutions to the perturbed problem, which
are uniform with respect to parameters, and a relationship between solutions to
both problems. We establish that the solution to the unperturbed problem has a
singular behavior, relative to the parameters, in the neighbourhood of ¢ = 0.
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