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Let Ω ⊂ R𝑛 be an open bounded set with 𝐶1 boundary 𝜕Ω. Consider the real
Hilbert space 𝐿2(Ω), endowed with the usual inner product
(𝑢, 𝑣)𝐿2(Ω) =

∫
Ω

𝑢(𝑥) 𝑣(𝑥) 𝑑𝑥 and the norm | · |, and the real Sobolev space 𝐻1
0 (Ω),

with the inner product (𝑢, 𝑣)𝐻1
0 (Ω)

=
∫
Ω

(
∇𝑢(𝑥), ∇𝑣(𝑥)

)
R𝑛 𝑑𝑥 and the norm | | · | |.

We consider the following initial-boundary problem for sine-Gordon type equa-
tion 

𝜀 𝜕2
𝑡 𝑢𝜀𝛿 + 𝛿 𝜕𝑡𝑢𝜀𝛿 + 𝐴𝑢𝜀𝛿 + 𝑏 sin 𝑢𝜀𝛿 = 𝑓 , in 𝑄𝑇 ,

𝑢𝜀𝛿 (𝑥, 0) = 𝑢0(𝑥), 𝜕𝑡 𝑢𝜀𝛿 (𝑥, 0) = 𝑢1(𝑥), 𝑥 ∈ Ω,

𝑢𝜀𝛿 |𝜕Ω = 0, 𝑡 ≥ 0,
(𝑃𝜖𝛿)

where 𝑇 > 0, 𝑄𝑇 = Ω × (0, 𝑇), 𝑓 ∈ 𝐿2(𝑄𝑇 ), 𝑢0 ∈ 𝑉 = 𝐻1
0 (Ω),

𝑢1 ∈ 𝐻 = 𝐿2(Ω), 𝑏 ∈ R, 𝑏 ≠ 0, 𝜀, 𝛿 are two small parameters and 𝐴 is a
strong elliptic operator of the type

𝐴 : 𝐷 (𝐴) = 𝐻2(Ω) ∩ 𝐻1
0 (Ω) ↦→ 𝐿2(Ω), 𝐴 𝑢 = −

𝑛∑︁
𝑖, 𝑗=1

𝜕𝑥𝑖
(
𝑎𝑖 𝑗 (𝑥) 𝜕𝑥 𝑗𝑢(𝑥)

)
. (1)

Namely, we suppose that the following conditions:

(HA)


𝑎𝑖 𝑗 ∈ 𝐿∞(Ω), 𝑎𝑖 𝑗 (𝑥) = 𝑎 𝑗𝑖 (𝑥), a.e. inΩ,

𝜔0 |𝜉 |2 ≤
𝑛∑︁

𝑖, 𝑗=1
𝑎𝑖 𝑗 (𝑥) 𝜉𝑖 𝜉 𝑗 ≤ 𝜔1 |𝜉 |2, a.e. inΩ, ∀𝜉 ∈ R𝑛, 0 < 𝜔0 ≤ 𝜔1;

(HSG) 𝑞0 = 𝜔0 − 𝜆−1
1 |𝑏 | > 0, where 𝜆1 is the first eigenvalue of the spectral

problem −Δ𝑢 = 𝑢, 𝑢 |𝜕Ω = 0
are fulfilled.

We investigate the behavior of solutions 𝑢𝜀𝛿 to the problem (𝑃𝜀𝛿) in two
different cases:
(𝑖) 𝜀 → 0 and 𝛿 ≥ 𝛿0 > 0, relative to the solutions to the following unperturbed
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system:
𝛿 𝜕𝑡𝑙𝛿 (𝑥, 𝑡) + 𝐴𝑙𝛿 (𝑥, 𝑡) + 𝑏 sin 𝑙𝛿 (𝑥, 𝑡) = 𝑓 (𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝑄𝑇 ,

𝑙𝛿 (𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ Ω,

𝑙𝛿 |𝜕Ω = 0, 𝑡 ≥ 0;
(𝑃𝛿)

(𝑖𝑖) 𝜀 → 0 and 𝛿 → 0, relative to the solutions to the following unperturbed
system: {

𝐴𝑣(𝑥, 𝑡) + 𝑏 sin 𝑣(𝑥, 𝑡) = 𝑓 (𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝑄𝑇 ,

𝑣 |𝜕Ω = 0, 𝑡 ≥ 0.
(𝑃0)

We obtain some a priori estimates of solutions to the perturbed problem, which
are uniform with respect to parameters, and a relationship between solutions to
both problems. We establish that the solution to the unperturbed problem has a
singular behavior, relative to the parameters, in the neighbourhood of 𝑡 = 0.
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