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1. Introduction
Definition 1. Ternary loop 𝑄(𝐴) with identity element 𝑒 is called a loop with
inverse property (3-IP-loop) if on the set 𝑄 there exists permutations (bijections)
𝐼𝑖 𝑗 𝑖, 𝑗 ∈ 1, 3 such that the following identity is true

𝐴({𝐼𝑖 𝑗𝑥 𝑗 }𝑖−1
𝑗=1, 𝐴(𝑥

3
1), {𝐼𝑖 𝑗𝑥 𝑗 }

3
𝑗=𝑖+1) = 𝑥𝑖 (1)

for every 𝑥3
1 ∈ 𝑄3, where 𝐼𝑖𝑖 = 𝐼𝑖 4 = 𝜀.

The matrix [
𝐼𝑖 𝑗

]
=


𝜀 𝐼12 𝐼13 𝜀

𝐼21 𝜀 𝐼23 𝜀

𝐼31 𝐼32 𝜀 𝜀


is called a matrix of inversability for 3-𝐼𝑃-quasigroup, and permutations 𝐼𝑖, 𝑗 are
called permutations of inversability, that are defined by the equalities

(𝑖−1
𝑒 , 𝑥,

𝑗−𝑖−1
𝑒 , 𝐼𝑖 𝑗𝑥,

3− 𝑗
𝑒 ) = 𝑒 (2)

for every 𝑥 ∈ 𝑄 where 𝑖, 𝑗 ∈ 1, 3 [1].

Definition 2. Element 𝑒 is called a unit (identity element) of 3-loop 𝑄(𝐴), if
𝐴(𝑒, 𝑒, 𝑥) = 𝐴(𝑒, 𝑥, 𝑒) = 𝐴(𝑥, 𝑒, 𝑒) = 𝑥 for any 𝑥 ∈ 𝑄.

Definition 3. Row (𝛼, 𝛽, 𝛾, 𝛿) of permutations of the set 𝑄 is called autotopy of
loop 𝑄(𝐴), if 𝛿−1𝐴(𝛼𝑥, 𝛽𝑦, 𝛾𝑧) = 𝐴(𝑥, 𝑦, 𝑧) for every 𝑥, 𝑦, 𝑧 ∈ 𝑄. It is denoted as
𝐴𝑇 = 𝐴.

Notice we denote as 𝔄𝐴 the set of all autotopies of loop 𝑄(𝐴).
It is known [2] that if (𝛼, 𝛽, 𝛾, 𝛿) ∈ 𝔄𝐴, then (𝛿, 𝐼12𝛽𝐼12, 𝐼13𝛾𝐼13, 𝛼),

(𝐼12𝛼𝐼12, 𝛿, 𝐼23𝛾𝐼23, 𝛽), (𝐼13𝛼𝐼13, 𝐼23𝛽𝐼23, 𝛿, 𝛾) ∈ 𝔄𝐴.
Let 𝑇 = (𝛼, 𝛽, 𝛾, 𝛿) be an autotopy of loop 𝑄(𝐴) with unit 𝑒 and matrix of

inversability [𝐼𝑖 𝑗 ]. Then 𝑇1 = (𝐼12𝛼𝐼12, 𝛿, 𝐼23𝛾𝐼23, 𝛽) ∈ 𝔄𝐴 ⇒ 𝑇2 = 𝑇1𝑇
−1 =

(𝐼12𝛼𝐼12𝛼
−1, 𝛿𝛽−1, 𝐼23𝛾𝐼23𝛾

−1, 𝛽𝛿−1) ∈ 𝔄𝐴.
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We denote (𝛼𝑒, 𝛽𝑒, 𝛾𝑒) = (𝑘). Then from (𝛼𝑥, 𝛽𝑦, 𝛾𝑧) = 𝛿(𝑥, 𝑦, 𝑧) for 𝑥 = 𝑧 =

𝑒 we have 𝛿𝑦 = (𝛼𝑒, 𝛽𝑦, 𝛾𝑒) = 𝐿2(𝑘)𝛽𝑦 ⇒ 𝛽𝛿−1𝑦 = 𝐿−1
2 (𝑘)𝑦.

Thus 𝑇2 = (𝐼12𝛼𝐼12𝛼
−1, 𝐿2(𝑘), 𝐼23𝛾𝐼23𝛾

−1, 𝐿−1
2 (𝑘)) ⇒

𝑇3 = (𝐿−1
2 (𝑘), 𝐼12𝐿2(𝑘)𝐼12, 𝐼13𝐼23𝛾𝐼23𝛾

−1𝐼13, 𝐼12𝛼𝐼12𝛼
−1) ∈ 𝔄𝐴 ⇒

𝑇4 = 𝑇−1
3 = (𝐿−1

2 (𝑘), 𝐿1(𝑘1,2), 𝐼13𝛾𝐼23𝛾
−1𝐼23𝐼13, 𝛼𝐼12𝛼

−1𝐼12) ∈ 𝔄𝐴.
For 𝑛 = 2 we have 𝑇4 = (𝐿𝑢, 𝑅𝑢, 𝐿𝑢𝑅𝑢), 𝑢 = 𝛼𝑒.

Definition 4. The elements 𝛼𝑒, 𝛾𝑒 ∈ 𝑄 for which 𝑇4 ∈ 𝔄𝐴 are called Moufang
elements.

Definition 5. If identity 𝑇4 satisfies any 𝑥3
1 ∈ 𝑄3 and for any 𝛼𝑒 = 𝑢, 𝛽𝑒 = 𝑣, then

loop 𝑄(𝐴) is called Moufang loop.

Definition 6. See [3]. Permutation 𝜑
𝑗

𝑖
on the set 𝑄 is called (𝑖, 𝑗)-pseudo-

automorphism of 𝑛-quasigroup 𝑄(𝐴), if on the set 𝑄 there exists a fixed row
of elements 𝑎𝑖−1

1 , 𝑎𝑛
𝑖+1 ∈ 𝑄 such that

𝐴(𝑎𝑖−1
1 , 𝜑

𝑗

𝑖
(𝑥𝑛1), 𝑎

𝑛
𝑖+1) = 𝐴((𝜑 𝑗

𝑖
(𝑥𝑘)) 𝑗−1

𝑘=1, 𝐴(𝑎
𝑖−1
1 , 𝜑

𝑗

𝑖
(𝑥 𝑗 ), 𝑎𝑛𝑖+1), (𝜑

𝑗

𝑖
(𝑥𝑘))𝑛𝑘= 𝑗+1).

Fixed row of elements 𝑎𝑖−1
1 , 𝑎𝑛

𝑖+1 ∈ 𝑄 is called companion of pseudo-automorphism
𝜑
𝑗

𝑖
.

2. Main results
Theorem 1. If 𝑇 = (𝛼, 𝛽, 𝛾, 𝛿) is an autotopy of 3-IP-loop 𝑄(𝐴), 𝛼𝑒 = 𝛾𝑒 = 𝑒 a̧nd
𝛼 = 𝛾, then 𝛼 is (1 − 2)-pseudo-automorphism of this loop with companions 𝛽𝑒

and 𝛾𝑒 = 𝑒, i.e., 𝑇5 = (𝛼, 𝐿1(𝑘)𝛼, 𝛼, 𝐿1(𝑘)𝛼) ∈ 𝔄𝐴.

Theorem 2. Any autotopy of 3-IP-loop 𝑄(𝐴) can be expressed as the product
of two autotopies: one from which define Moufang elements but second define
pseudo-automorphism of this loop

𝑇6 = 𝑇4 · 𝑇5 =

= (𝐿2(𝑘), 𝐿1(𝑘1,2), 𝐼13𝐼23𝛾
−1𝐼23𝐼13, 𝛼𝐼21𝛼

−1𝐼21) (𝜑, 𝐿1(𝑘)𝜑, 𝜑, 𝐿1(𝑘)𝜑),

where 𝜑 = 𝐿−1
2 (𝑘)𝛼. It is true and inverse: every four permutations of the set 𝑄

of the type 𝑇6 is an autotopy of 3-IP-loop 𝑄(𝐴).
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