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FORMALIZAREA ASPECTELOR
DE MONOTONIE ALE
METODELOR ,,VOTURI-
DECIZIE” MULTIOPTIONALE

Prof. univ. dr. hab. Ion BOLUN, ASEM

Sunt definite sapte situatii de monotonie ale .
a.
acestora, acoperind o gama largd de situatii posibile. -
Sunt identificate proprietdtile generale ale metodelor -
VD monotone si este elucidatd starea de monotonie a -
puterii de influenta a partidelor fata de parametrii de .

metodelor VD cu specificarea caii de extindere

intrare ce tin de sase situatii de monotonie definite.

Cuvinte-cheie: metode ,, voturi-decizie”’, monotonie, -

proprietati generale, parametri.
JEL: Cé61

1. Introducere

Monotonia metodelor ,,voturi-decizie”

Mai tarziu au fost identificate, de

cercetate in [5].

In lucrare, sunt formalizate unele aspecte de -
cu -
reprezentare proportionald (RP), in baza problemei de -
alegere a deputatilor in Parlament pe liste de partid — -
unul din cele mai frecvente cazuri de luare a deciziilor -

monotonie ale metodelor VD multioptionale

colective multioptionale prin votare.

2. Consideratii preliminare

Problema de alocare a mandatelor
marimile [6]: numarul total M de mandate in organul

electiv; numarul n > 1 de partide ce au depasit pragul -
electoral (cazul n = 1 este trivial); numarul total ¥ de -

voturi acumulate de cele n partide; numarul total V; de
voturi acumulate de partidul i,i =1,x la

V=Vi+V,+..+V,; (2.1)

numarul de mandate x;, alocate partidului #, i = 171; 1-

indicele de disproportionalitate a alocérii mandatelor. De

asemenea, in diferite reguli VD, se folosesc si asemenea .

marimi, precum: Q = V/M, d = M/V — valoarea unui vot,
masuratd in mandate, u; — numarul curent de mandate

deja alocate partidului i (u; > 0) si a; = V/Q| - cota de

(VD) :
influenteaza folosirea acestora in practica. Pentru prima -
datd, problema apare in 1880, cand aplicarea metodei -
Hamilton a condus la asa-numitul paradox Alabama [1]. -
asemenea, °
paradoxurile Populatiei (1900) si al Noului stat (1907) -
[2]. Cercetarile ulterioare au aratat ca metodele d’Hondt, -
Sainte-Lagué€ si Huntington-Hill [2] sunt imune la -
paradoxurile Alabama, al Populatiei si al Noului stat. in -
[4] este definitda cerinta generald de monotonie a -
metodelor VD, avand ca reper puterea de influenta a -
partilor implicate. Unele aspecte de monotonie ale -
metodelor Hamilton, Divizor liniar general si Mixta sunt -

include -
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1. Introduction

Monotony of “votes-decision” (VD) methods
influences their use in practice. For the first time the
problem occurred in 1880, when the Hamilton
method led the so-called Alabama paradox [1]. Later
were also identified paradoxes of Population (1900)
and of New State (1907) [2]. Further research
showed that d’Hondt, Sainte-Lagué and Huntington-
Hill methods [2] are immune to Alabama, of New
State and of Population paradoxes. In [4] the general
requirement of monotony of VD methods is defined,
having as reference the influence power of
implicated parties. Some monotony aspects of the
- Hamilton, General Linear Divisor and Mixed
methods are investigated in [5].

In this paper some monotony aspects of multi-
optional VD  methods  with  proportional
representation (PR) are formalized, based on the
issue of election of Members of Parliament on party
- lists — one of the most common cases of multi-
- optional collective decision making by voting.

2. Preliminary considerations

- The problem of seats allocation includes
- quantities [6]: the total number M of seats in the
elective body; the number n > 1 of parties that passed
- the electoral threshold (the case n = 1 is trivial); the
- total number V' of votes cast for the n parties; the

- total number V; of votes cast for the party i, i =1,n
- at

V=Vi+V,+..+V,; 2.1)

- the number x; of seats, allocated to party 7, i = 1,7; the
- index [ of disproportionality of seats allocation. Also,
- different VD rules are using such quantities as: Q =
- VIM, d = M/V — a vote value, measured in seats, u; — the
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jos pentru partidul i.
La caracterizarea rezultatelor votarii, se folosesc
parametrii: M; n; V;

acestia, la date de intrare ale problemei de alocare a -

manﬁtelor, se refera valorile marimilor M, V, n si V,, X, i= 17[ Of these, to input data of seats allocation

j = iar la cele de iesire — valorile marimilor x;, - .. —
i=Ln, 3 ” - problem relate quantities M; n; V' and V;,i =1,n, and to

i=ln.

categorii de cerinte catre metodele VD:
a) cerinte in cadrul unei votari;
b) cerinte in cadrul unor votari consecutive.

La prima categorie se referd, de exemplu, :
asemenea cerinte, ca [7]: prevalarea majoritatii (daca :
existd o majoritate de decidenti, care apreciazd o .
alternativd mai inalt, decat pe toate celelalte, atunci .
aceasta optiune trebuie sia fie decizia); participarea :
(votarea onestd trebuie sd conducd la Tmbunatatirea :
comparativ cu neparticiparea la votare); .
conditia Condorcet (daca la comparatia in perechi o :

optiune este preferatd fiecareia din celelalte optiuni, : . . o
b’ P P - other options, then it must be the decision), etc.

deciziei,

atunci aceasta trebuie sa fie decizia) s.a.

Una din cerintele din a doua categorie este :
monotonia metodelor VD. Pentru sistemele RP, cerinta .

d toni todelor VD te fi definita, dupa :
e monotonie a metodelor poate fi definitd, dupd © ="\ o e ows.

cum urmeaza.

Definitia 2.1 [4]. O metodd VD este monotona, .
dacd aceasta asigura caracterul non-descrescator al .

functiilor x(D,), i = 1,1, unde

Di=dV,=MV/V,i=1n (2.2)

este puterea de influentd a partidului i = 1,7 in organul

electiv, delegatd de cele V; voturi ale alegatorilor :

(valoarea sumara a celor V; voturi).

cont de relatia dintre marimile d, M si V, de marimile M,
n Vi i=lnsiV="0-+7V+.

in asigurarea cerintei de monotonie definite.
De mentionat cd diversele

parametrii M, V, n si V;, i =1,n ai scrutinului. Asemenea

modificari pot fi elementare sau complexe.

modificare a valorii unui parametru sau categorie (in

cel mult o alternativd de modificare si a valorilor altor -
parametri de intrare. Celelalte modificari de valori ale -
intrare se considerd complexe - -

parametrilor de

V,~,i:1,7 si x;, i:l,in. Dintre *

current number of seats already allocated to party 7 (u; >
-0)and a; = L /0| the lower quota for party i.

When characterizing the voting results, the
following parameters are used: M; n; V; Vi =1,n and

. o _ . the output ones — quantities x;, i =1, 7.
Din punct de vedere al numdrului de votari, :

asupra carora acestea se rasfrang, se pot distinge doud . . e .
P & P & . they are subject, can be distinguished two categories

- of requirements to VD methods:

In terms of the number of ballots, on which

a) requirements within a ballots;

b) requirements within consecutive ballots.

To the first category refer, for example, such
requirements as [7]: prevalence of majority (if there is a
majority of decision makers who appreciate an
alternative higher than all the others, then this option
should be the decision); participation (honest voting
should lead to an improvement of decision compared
with abstention from voting); Condorcet condition (if,
when comparing in pairs, an option is preferred to every

One of the requirements of the second
category is the monotony of VD methods. For PR
systems, monotony requirement of VD methods may

Definition 2.1 [4]. A VD method is monotone
if it ensures the non-decreasing character of

. functions x(D,), i = 1,71, where

Di=dVi=MV/V,i=1ln 2.2)

- is the influence power of party i=1,n in the

elective body, delegated by the V; electors’ votes (the

- total value of the V; votes). So, D; depends on the
Astfel, D; depinde de méarimile d si V; sau, tinand :

values d and V; or, taking into account the relation

- between parameters d, M and V, on the M, n, V,,
+ V,. In [4] este :
demonstrat, de asemenea, ca evitarea paradoxurilorf
Alabama, al Populatiei si cel al Noului stat se incadreaza -

i=Lnand V="V, + V,+ ..+ V, In [4] is also
shown that avoiding the Alabama, of Population and
of New State paradoxes falls within the insurance of

- defined monotony requirement.
situatii  de -
nonmonotonie a unor metode VD, ce pot fi la votdri -
consecutive, se obtin prin modificarea (marirea sau -
micgorarea) valorii unuia sau a mai multora din -

It should be noted that different situations of
some VD methods non monotony, which may be at
consecutive ballots, are obtained by changing
(increasing or decreasing) the value of one or more

of election parameters M, V, n and V;, i = 171 Such

- changes can be elementary or complex.
Definitia 2.2. Se considerd elementard orice -

Definition 2.2. Any change in value of an

va . input parameter or a category (in case of V;, i = 1,7;1)
cazul V;, i =1,n) de parametri de intrare, care implica :

of input parameters is considered elementary,
involving also no more than one alternative and of
other input parameters values. Other changes of the
input parameters values are considered complex —

modificari constituite din doud sau mai multe modificiri , changes that consist of two or more elementary
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elementare.

multitudinea de alternative posibile la aceeasi modificare
a valorii parametrului de intrare. Fiecare modificare
complexa a valorii unui parametru de intrare implicd una
din doud sau mai multe alternative posibile de
modificare a valorilor altor parametri de intrare.

intrare, ca:
1) numarul total de mandate M;

2) numirul total de voturi ¥ cu modificarea -
proportionald si a valorilor marimilor Vy(V), -

i =1,n dictata de relatia (2.1);

3) numadrul de voturi acumulate de un partid V;
cu modificarea respectivd §i a numarului -

total de voturi V(V});

4) preferintele unora dintre decidenti (V, k €

K, |K| < n);

5) comasarea de partide (reducerea n) cuz

redistribuirea respectiva a electoratului,

6) divizarea de partide (cresterea n) cuz

redistribuirea respectiva a electoratului;
7) aria de cuprindere totald (n, M(n) si V(n)).

Aici, notarea Z(Y) semnifici monotonia metodei -
VD fati de modificarea valorii parametrului ¥ — -
si modificarea -
respectivd a valorii parametrului Z. Primele cinci, din -

modificare care implica, totodata,

cele sapte situatii de monotonie enumerate (situatiile 1-

larga decét cea initiala. De asemenea, cele 1-3, 5, 6 si 7
de-a 4-a — fatd de o categorie de parametri de intrare.
intrare este modificarea numarului de partide n.
general (nu doar prin comasari de partide sau, din contra,
doar prin divizari de partide), implica,
alternative. De exemplu, odatd cu cresterea
descresterea numarului de partide, se pot modifica si
alternative posibile.

putea servi, pe situatii:

1) marirea sau micsorarea
mandate in Parlament;

2) cresterea numarului alegatorilor -
(,Populare”) sau reducerea numdrului -
alegatorilor (,,Depopulare”) cu pastrarea -
proportionald, in ambele cazuri, a -

preferintelor decidentilor;

- changes.
Modificarilor complexe le este caracteristica -

Characteristic to complex changes is the

- multitude of possible alternatives at the same input
- parameter value change. Each complex change of the
- input parameter value implies one of two or more
- possible alternatives of other input parameters values
- changes.

Din multitudinea de alternative posibile, prezinta -
interes monotonia metodelor VD fatd de asemenea -
modificari elementare ale valorilor parametrilor de -

From the multitude of possible alternatives, of
interest is the monotony of VD methods towards
such elementary changes of input parameters values

- as:

1) the total number of seats M,
2) the total number of votes J with proportional

changes of parameters Vy(V), i =1,n values,

imposed by relationship (2.1);

3) the total number of votes cast for a party V;
with the respective change of the total
number of votes V(V});

4) preferences of some decision makers (V}, k €
K, K] < n);

5) merging of parties (reduction of n) with
respective redistribution of the electorate;

6) dividing of parties (increasing of n) with
respective redistribution of the electorate;

7) the total coverage (n, M(n) si V(n)).

In this case, notation Z(Y) means the VD method
monotony to the change of Y parameter value — change
involving, at the same time, the corresponding change
of Z parameter value. The first five, of the seven listed

> monotony situations (situations 1-6), concern the same
6), se referd la aceeasi arie de cuprindere a multimii de -
decidenti, pe cand ultima (situatia 7) — la 0 noua arie de -
cuprindere pentru urmitorul scrutin: mai ingusti sau mai -

area of coverage of the decision makers set, while the
latter (situation 7) — a new area of coverage for the next
election: narrower or wider than the initial. Also, the 1-

23,5 6 and 7 are situations of monotony to one
sunt situatii de monotonie fatd de un parametru, iar cea -

parameter, and the 4 — to a category of input

> parameters.
Modificare complexa a valorii unui parametru de -

A complex change of the value of an input

- parameter is the change of the number n of parties. In
Cresterea sau descresterea numarului de partide, in caz -

general, the increase or decrease of the number of

- parties (not only through merging of parties or, on
in mod -
obligatoriu, si modificarea valorilor altor parametri de -
intrare, fiind posibile si cazuri cu doud sau mai multe -
sau -

the contrary, only by dividing of parties), involves,
necessarily, also the change of other input
parameters, being possible cases with two or more
alternatives. For example, with increasing or

- decreasing the number of parties may change the
preferintele electoratului, existind o multitudine de -

voter preferences too; a multitude of possible

- alternatives may exist.
Ca exemple de cazuri din practicd, ce pot fi -
reprezentate prin situatiile de monotonie definite, ar -

As examples of cases in practice, which can be
represented by defined monotony situations, could

- serve, per situations:
numarului de -

1) increasing or decreasing the number of seats
in Parliament;

2) increasing the number of  voters
(“Population”) or reduce the number of
voters (“Depopulation”) with proportional
retention, in both cases, of decision makers
preferences;
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3) modificarea doar a numarului alegitorilor ce -
preferd un anumit partid sau doar a -
numarului alegdtorilor unui stat dintr-o -

comunitate;

4) modificarea preferintelor alegdtorilor, in
functie de noile programe de activitate ale -
hotarelor -

partidelor, sau redefinirea
teritoriale ale unor zone geografice;

5) crearea unui bloc din doud sau mai multe -

partide;

6) separarea, de la partidele existente, a unor

noi partide;

7) intrarea de noi state intr-o comunitate sau -
- (situation (8), generally, it may represent the case of

in ce priveste modificarea numarului de partide :
(situatia (8)), in caz general, aceasta poate reprezenta -
participarea la alegeri a unor noi partide cu noi programe -
de activitate sau, din contra, neparticiparea in alegeri a -
unor partide, sau redefinirea hotarelor teritoriale ale unor -
zone geografice cu cresterea sau, din contra, descresterea -

iesirea unora din state dintr-o comunitate.

numarului total de zone.

Bineinteles, pot prezenta interes si alte situatii de
sau mai multi parametri -

monotonie fatd de doi
concomitent, cum ar fi:

9) fatd de numarul de voturi V;, k € K, acumulate
de |K] partide cu modificarea respectivd si a -
numdrului total de voturi V(V}, k € K). Situatia -

doar a -

numarului alegdtorilor ce prefera partidele -
multimii K sau doar a numarului alegitorilor -

poate reprezenta modificarea

statelor multimii K dintr-o comunitate;

10) fatd de numarul total de mandate M si numarul
total de voturi V' cu modificarea proportionald -
si a valorilor marimilor V(V), i =1,n dictata :
de relatia (2.1). Situatia poate reprezenta -
faptul maririi sau micsorarii numarului de -
mandate in Parlament, odata cu cresterea sau -
reducerea numarului alegatorilor la pastrarea -

proportionald, in  ambele cazuri, a -
preferintelor decidentilor s.a.
Definitia 2.3. Un parametru de intrare se -

considera independent, dacd modificarea valorii acestuia -

este una elementara.
La parametri de intrare independenti, se refera:

M, VsiV,i=1n.

Definitia 2.4. Un parametru de
poate fi complexa.

Parametru de intrare dependent este 7.

3. Proprietati generale ale metodelor VD
monotone

Prin similitudine cu functiile monotone, 1in -
sectiune, sunt concretizate unele proprietati generale ale -

metodelor VD monotone.
Este cunoscut, de exemplu, ca, daca o functie este
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intrare se -
considera dependent, dacd modificarea valorii acestuia -

3) changing only the number of voters who
prefer a particular party or only the number
of voters of a state in a community;

4) changing the preferences of voters, according
to new programs of activity of parties, or
redefining the territorial boundaries of some
geographic areas;

5) creating a block of two or more parties;

6) separating, from the existing parties, of some
new parties;

7) the entry of new states into a community or
leaving the community by some states.

As regards to changing the number of parties

participation in elections of some new parties with
new work programs or, on the contrary, the non-
participation in elections of some parties, or the
redefinition of territorial boundaries of some
geographic areas with growth or, conversely,
decrease of the total number of areas.

Of course, of interest may also be other
situations of monotony to two or more parameters
simultaneously, like:

9) to the number of votes V, k e K,
accumulated by |K| parties, with the
corresponding change of the total number
of votes V(V;, k e K). The situation may
represent the change only of the number
of voters who prefer only parties of the set
K or only of the number of voters of states
related to the set K of a community;

10) to the total number M of seats and to the

total number V of votes with the
proportional change of quantities Vy(V),

i=1,n values, dictated by (2.1). The

situation may represent the increase or the
decrease of the number of seats in
Parliament with the increasing or
decreasing of the number of voters,
keeping proportion, in both cases, the
decision makers preferences, etc.
Definition 2.3. An input parameter is

- considered independent, if its value change is an
- elementary one.

To independent input parameters refer: M, V
and V, i =1,m.

Definition 2.4. An input parameter is

- considered dependent, if its value change is a
- complex one.

A dependent input parameter is 7.

3. General properties of monotone VD
methods
Similarly with monotone functions, in this

- section are embodied some general properties of
- monotonicity of VD methods.
non-descrescitoare (non-crescatoare) la marirea valorii -

It is known, for example, that if a function is
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unui argument, atunci ea este non-crescatoare (non-
descrescatoare) la micsorarea valorii

de afirmatia 3.1.

independent al wunui scrutin, atunci
monotona si fatd de micsorarea valorii acestuia.

Intr-adevir, fie metoda VD este monoton fatd de -
marirea valorii parametrului y de la y’ = y(1) la cea y” = -
-y" = »2) > y(1), the values of all other input
rdmanind fard modificare (cazul A). Sd consideram, de -
asemenea, cazul B: y” = »(2), y” = y(1), valorile tuturor -
- the values of all other input parameters remaining
Evident, alocdrile de mandate celor n partide, in aceste -
doud cazuri, coincid atat pentru valoarea y(1), cat si -
pentru valoarea y(2) ale parametrului y. Deci, calitatea -
de monotonie a metodei VD cercetate are loc si pentru -
cazul reducerii parametrului y de la valoarea y* = y(2) la -
- in value of the parameter y from y° = y(2) to the y” =
- y(1) one. m
monotonie a metodelor VD, este suficient de demonstrat -
cazul de crestere a valorii parametrului de intrare -
- the case of increasing the value of the respective
rezultd direct din -

¥(2) > y(1), valorile tuturor celorlalti parametri de intrare

celorlalti parametri de intrare riman farad modificare.

cea)y’=y(1).m
Consecinta 3.1. La demonstrarea calitatii de

respectiv sau de descrestere a acesteia.
Justetea consecintei 3.1
afirmatia 3.1. m

Afirmatia 3.2. Dacd metoda VD este monotona
fatd de modificarea cu o unitate a valorii unui parametru -
de intrare, atunci aceasta este monotond si fatd de -
- parameter, then it is monotone to its change with

Intr-adevar, fie metoda VD este monotoni la :
marirea valorii parametrului y de la y” = y(1) la cea y” = -
¥(2) = y(1) + 1, valorile tuturor celorlalti parametri de -
- y" = y(2) = (1) + 1, the values of all other input
metoda este monotona si la marirea valorii parametrului -
y cu g > 0 unitdti, adicd de la valoarea y* = y(1) la cea -

modificarea acesteia cu mai multe unitati.

intrare ramanand farda modificare. Trebuie demonstrat ca

999

V7 =y(3) = y(1) + g. Pentru aceasta, se poate observa -
usor ca trecerea de la starea initiald y” = y(1) la cea finala -

999

1" = y(3) se poate efectua in g etape, fiecare din care se
- transition from the initial state y* = y(1) to the final
- "= y(3) one may be made in g steps, each of which
Totodata, conform definitiei, la fiecare din aceste g -
etape, metoda VD in cauzi este monotona. Deci, ea este -
monotond si la mirirea valorii parametrului y cu g -
- method in question is monotonous.

Consecinta 3.2. La demonstrarea calitatii de -
monotonie a metodelor VD, este suficient de demonstrat -
cazul de crestere a valorii parametrului de intrare -
respectiv sau de descrestere a acesteia cu o singuri -
- the case of the increase of the input parameter value
Justetea consecintei rezultd direct din afirmatiile

caracterizeaza prin cresterea valorii parametrului y cu o
unitate fatd de valoarea acestuia la etapa precedenta.

unitati. m

unitate.

31§i32.m

Afirmatia 3.3. Daci o metoda VD este monotoni -
fatd de fiecare dintre parametrii unui set, atunci ea este -
monotona si fati de setul de parametri in cauzi, in -
- the set of parameters in question as a whole.

ansamblu.

- non-decreasing (non-increasing) when increasing the
acestuia. O -
asemenea proprietate pentru metodele VD este definita -
- property for VD methods is defined by Statement 3.1.

Afirmatia 3.1. Daca metoda VD este monotond -
fatd de mdrirea valorii unui parametru de intrare -
accasta este -
- decrease of its value, too.

value of an argument, then it is non-increasing (non-
decreasing) when decreasing the argument value. Such

Statement 3.1. If a VD method is monotone to
the increase of the value of an independent input
parameter of an election, then it is monotone to the

Indeed, let the VD method be monotone to the
increase of the value of parameter y from y' = y(1) to

parameters remaining without modification (case A).
Let us also consider the case B: y' = y(2), y" = y(1),

without modification. Obviously, the allocation of
seats to the n parties in these two cases coincide
both, the value y(1), as well as the value y(2) of the
parameter y. So, the quality of monotony of the
researched VD method occurs also for the reduction

Consequence 3.1. To demonstrate the quality
of monotony of VD methods, it is sufficient to prove

input parameter or of its decreasing.

The correctness of Consequence 3.1 follows
directly from Statement 3.1. m

Statement 3.2. If a VD method is monotone to
the change of one unit of the value of an input

several units, too.
Indeed, let the VD method be monotone to the
increase of the value of parameter y from y” = (1) to

parameters remaining without modification. One has
to prove that the method is monotone also to the
increase with g > 0 units of the value of parameter y,
that is from the value y* = y(1) to the y"' = y(3) = y(1)
+ g one. For this, one can easily observe that the

is characterized by the increase of the parameter y
with one unit to its value in the previous step.
However, as defined, in each of these g steps the VD
So, it is
monotonous to the increase, with g units, of the
parameter y value. m

Consequence 3.2. To demonstrate the quality
of monotony of VD methods, it is sufficient to prove

or of its decrease by one unit

The correctness of Consequence 3.2 follows
directly from the Statement 3.1 and 3.2. m

Statement 3.3. If a VD method is monotonous
to each parameter of a set, then it is monotonous to

(] —— Revista / Journal ,, ECONOMICA” nr.2 (92) 2015
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intr-adevar, fie, la aplicarea metodei VD -

cercetate, functille x(D,), i=1,n sunt non-

descrescatoare fata de fiecare din parametrii de intrare y -
si z aparte. De exemplu, atdt la marirea valorii -
parametrului y de la y* = y(Al) la cea y” = y(A2) > -
V(Al), valorile tuturor celorlalti parametri de intrare -
ramanand fara modificare (cazul A), cat si la marirea -
valorii parametrului z de la z” = z(B1) la cea z” = z(B2) > -
z(B1), valorile tuturor celorlalti parametri de intrare -
ramanand fara modificare (cazul B), au loc relatiile -
- occur relations x{A2) > x,(Al) and, respectively,

x{(A2) > x(Al) si, respectiv, x(B2) > x(B1).

Sa consideram cazul C de marire a valorii °
parametrului y de la y* = y(Al) la cea y” = y(A2) > -
V(A1) si, concomitent, a valorii parametrului z de la z” = -
© ¥(Al) one and, at the same time, of parameter z value

z(B1) la cea z” = z(B2) > z(B1), valorile tuturor celorlalti

parametri de intrare ramanand fard modificare. Trebuie -
demonstrat ca si in acest caz au loc relatiile x,(A2) > -
x{(Al) si x(B2) > x(Bl). Pentru aceasta, se poate -
- case the relations x;(A2) > x(A1) and x;(B2) > x(B1)
7z = z(B1)} la cea finalda {y” = y(A2), z” = z(B2)} se :
- the transition from the initial state {)' = y(Al), z' =
- z(B1)} to the final one {y" = y(A2), z" = z(B2)} can
- be performed in the following two steps:

observa usor cé trecerea de la starea initiala {y” = y(Al),

poate efectua si In urmatoarele doua etape:

a) trecerea de la starea {y’ = y(Al), z’ =
z(B1)} lacea {y” =y(A2),z’ =z(Bl)};
b) trecerea de la starea {)” = y(A2), z’ =

2(B1)} la cea " = y(A2), z” = z(B2)}.

Fiecare din aceste doud etape, (a) si (b), -
reprezintd cate un caz de monotonie fatd de un singur -
parametru de intrare: etapa (a) — fatd de parametrul y, iar -
- one case of monotony to a single input parameter:
vor avea loc conditiile de monotonie x,(A2) > x(Al) si -
x{(B2) > x{B1). In acelasi mod, poate fi confirmati -
- conditions x;(A2) > xi(Al) and x,(B2) > x;(B1) will
este non-crescatoare fatd de fiecare din parametrii y §i z -
- 2.3 veracity, in case the VD method is non-
Evident, in acelasi mod, procesul se extinde si asupra -

cazului general de ansamblu din mai mult de doi -
- extends to the general case of an ensemble of more

Afirmatia 3.4. Daca o metoda VD este non- -
monotond fatd de cel putin unul din parametrii unui set, -
atunci ea este, in caz general, non-monotona si fatd de -
- then it is, in general case, non-monotonous, to the set

Intr-adevar, cazul de nonmonotonie a metodei
VD, fatd de un parametru de intrare anume, este unul -
particular pentru metoda in cauzd — caz in care valorile -
- one for the method in question — case in which the

Consecinta 3.3. La demonstrarea calitatii de -
monotonie a metodelor VD, este suficient de demonstrat -
monotonia acestora fatd de fiecare parametru de intrare -

- their monotony to each input parameter separately.
Justetea consecintei rezulta direct din afirmatiile -

etapa (b) — fatd de parametrul z. Astfel, in faza finala,

veridicitatea afirmatiei 2.3, in cazul cdnd metoda VD

aparte.

parametri. m

setul de parametri in ansamblu.

tuturor celorlalti parametri de intrare rdman intacte. m

aparte.

33s5i34.m

4. Monotonia puterii de influenta a
partidelor fati de parametrii de intrare

in afirmatiile 4.1-4.6, este definitd starea de - ; i
- monotony state of parties' influence power D,

monotonie a puterii de influentd a partidelor D;, i = 1,1
fatd de parametrii de intrare, ce tin de situatiile de ,

Revista / Journal ,, ECONOMICA” nr.2 (92) 2015

Indeed, let, when using the investigated VD

> method, functions x(D,), i = 1,n are non-decreasing

to each of the input parameters y and z apart. For
example, both to the increase of the parameter y
value from ' = y(Al) to the y" = y(A2) > y(Al) one,
the values of all other input parameters remaining
without modification (case A), and to the increase of
the parameter z value from z' = z(B1) to the z" =
z(B2) > z(B1) one, the values of all other input
parameters remaining without modification (case B),

x,(BZ) Z x,(Bl)
Let us consider the case C of the increase of
parameter y value from y' = y(A1) to the y" = y(A2) >

from z' = z(B1) to the z" = z(B2) > z(B1) one, the
values of all other input parameters remaining
without modification. One has to prove that in this

take place, too. For this, one can easily observe that

c) transition from the state {)' = y(Al), z' =
z(B1)} to the {y" =)(A2), z' =z(B1)} one;
d) transition from the state {)" = y(A2), ' =
z(B1)} to the {y" = y(A2), z" = z(B2)} one.
Each of these two steps, (a) and (b), represents

step (a) — to the parameter y, and the step (b) — to the
z one. So, in the final phase, the monotony

take place. Similarly can be confirmed the Statement

increasing to each of the parameters y and z apart.
Obviously, in the same way, the process

than two parameters. m
Statement 3.4. If a VD method is non-
monotonous to at least one of parameters of a set,

of parameters as a whole, too.
Indeed, the case of non-monotony of the VD
method to a particular input parameter is a particular

values of all other input parameters remain intact. m
Consequence 3.3. To demonstrate the quality
of monotony of VD methods, it is sufficient to prove

The correctness of Consequence 3.3 follows
directly from statements 3.3 and 3.4.

4. Monotony of parties' influence power to
input parameters
In statements 4.1-4.6 defined

are the

i =1,n versus input parameters related to monotony
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monotonie 1-6, nominalizate in sectiunea 2.

Afirmatia 4.1. Functiile D(M), i=1,n sunt -

monoton crescatoare.

intrare, rezulta direct din relatiile (2.2). m

Consecinta 4.1. Pentru ca o metoda VD sa fie -
monotond fatd de numarul total de mandate M, este :

necesar si suficient ca functiile x,(M), i =1,n si fie - €SSy and  sufficient ~ that ~ functions  x(M),

- i =1,n be non-decreasing.

non-descrescatoare.

Veridicitatea consecintei 2.1, tindnd cont de -
- account the Definition 2.1, follows directly from

i= 1,”1 Clac Statement 4.1. m

definitia 2.1, rezulta direct din afirmatia 4.1. m
Afirmatia 4.2. Functiile D(V),

modificarea proportionald si a marimilor V(V), i =1,n - _
. proportionate change of quantities Vi(V), i=1n

implicata de relatia (2.1), sunt invariante.

Intr-adevar, fie V’ = gV, g > 0, unde V'’ este
numarul total de voturi in urmatorul scrutin. Atunci, 1n -

baza (2.1), avem - gV, i= ﬁ Deoarece - number of votes in the next election. Then, on the
<L) i i ] .

valorile celorlalti parametri de intrare nu se modifica, : 03sis of (2.1), we have Vi=8V,, i=ln.Asthe

- values of other input parameters remain unchanged,
- for the next election the relation (2.2) takes the form
_ . , o D,(VY=dV, =MV, |V'= MgV/gV = MV/V
D(V), i =1,n, ceea ce, tinind cont de consecinta 3.1, si - _

= D(V), i =1,n, which, given the Consequence
Consecinta 4.2. Pentru ca o metoda VD sa fie -
vV, la -

modificarea proportionald si a mirimilor V(¥), i =1,n, monotonous to the total number of votes V,_at
. . . . . - proportionate change of quantities Vi(V), i = ILn,
este necesar si suficient ca functiile x(¥), i = 1,7 si fie : .. . .

> too, it is necessary and sufficient that the functions

pentru urmatorul scrutin, relatia (2.2) ia forma
D.(V")=d'V, =MV, |V'= MgV/gV = MV/V =
se cerea de demonstrat. m

monotond fatd de numadrul total de voturi

invariante.

definitia 2.1, rezulta direct din afirmatia 4.2. m

Afirmatia 4.3. Functia Dy(V}), la modificarea -
respectiva si a numdrului total de voturi V(V}), este -

monoton crescatoare.

demonstrat. m

Consecinta 4.3. Pentru ca o metodd VD si fie -
monotond fatd de numarul de voturi acumulate de un -
partid V;, la modificarea respectiva si a numarului total -
- monotonous to the number V, of votes obtained by a

de voturi V(V}) si pastrarea intactd a valorilor celorlalti

parametri de intrare, este necesar si suficient ca functia -
- number of votes V(V}), too, and preserved values of
- other input parameters, it is necessary and sufficient
- that function x4(¥;) be non-decreasing, and the x,(V}),

x(Vy) sa fie non-descrescatoare, iar cele x(V}),

i =1, n\k — non-crescitoare.

- situations 1-6, nominated in section 2.

Statement 4.1. Functions D{M), i =1,n are

© monotonically increasing.

Veridicitatea afirmatiei 4.1, tindnd cont de -
pastrarea intacta a valorilor celorlalti parametri de -
- parameters, follows directly from relations (2.2). m

The veracity of Statement 4.1, taking into
account the preserved values of other input

Consequence 4.1. For a VD method to be
monotonous to the total number of seats M, it is

The veracity of Consequence 4.1, taking into

Statement 4.2. Functions Dy(V), i =1,n, at

involved by relationship (2.1), are invariant.
Indeed, let V' =gV, g > 0, where " is the total

l

3.1, was asked to prove.m
Consequence 4.2. For a VD method to be

Veridicitatea consecintei 4.2, tindnd cont de - x(V), i =1,n be invariant.

The veracity of Consequence 4.2, taking into
account the Definition 2.1, follows directly from
Statement 4.2. m

Statement 4.3. Function Dy(V}), at respective

intr-adevir. fie Vk' =gV ,g>1siV ="+ change of the total number of votes V(V}), too, is

' - monotonically increasing.
Vi=V,. Atunci, in baza (2.1) si (2.2), avem -
D,V)=d"V, =MV, [V'= MgVi/(V + gVi— V) Vk' — V), . Then, basing on (2.1) and (2.2), we have
= MV,/[V/g + V(1 - 1/g)]. Aici are loc V/g + V(1 — 1/g) -
< V, deoarece V(1 — 1/g) < V(1 — 1/g). Deci, avem -
D]'{ (Vk') — MVk/[V/g + V(1 - 1/g)] > MV/V > D(Vy), Vi) :MVk/[V/g+ Vi(1— 1/g)] Here occurs V/g+ V(1

L . . - —1/g) <V, since V(1 — 1/g) < V(1 — 1/g). So, we
ceea ce, tindnd cont de consecinta 3.1, si se cerea de - -
- have Dk (Vk) = MVA/[V/g+ Vk(l - 1/g)] >MVk/V>

Indeed, let V, =gV, g>1and V' =V +

D, (V)=dV, =MV, |V'= MgV/V + gV, —

Dy(Vy), which, taking into account the Consequence
3.1, was required to prove. m
Consequence 4.3. For a VD method to be

party, at the respective modification of the total

Revista / Journal ,, ECONOMICA” nr.2 (92) 2015
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Intr-adeyar, conform ' a}ﬁr.mapel v4'3’, functia - ; _ 1,7 \k ones — non-increasing.
Dy(V}), la modificarea respectiva si a numarului total de -

Totodati, - ) 3 - .
- function Dy(V}), at respective modification of the

- total number of votes V(V}), too, is monotonically
- increasing. However, according to Definition 2.1, the
- function xi(D;) must be non-decreasing. Thus, the
- function x(7}) must be non-decreasing.

respectiv, d’=M/V' <MWV =d, D.(V,) = D,(V,)=d"V; -

voturi V(V}), este monoton crescatoare.
conform definitiei 2.1, functia xx(D;) trebuie sa fie non-
descrescatoare. Astfel, functia x;(V}) trebuie sa fie non-
descrescatoare.

in acelasi timp, fie Vk' >V, atunci V' > V i,

i =1, n \k trebuie si fie non-crescitoare. m
Afirmatia 4.4. Functiile DV}, k € K , |K| < n,

la péstrarea intacta a valorilor tuturor celorlalti parametri i = 1,7 \k has to be non-increasing. m

de intrare, sunt monoton crescatoare.
Veridicitatea afirmatiei 4.4 rezulta
relatiile (2.2) si consecinta 3.1. m

celex(V,, k € K), i =1, n\K — invariante.

Intr-adevar, necesitatea conditiei ca functiile -

x(Vi, k € K), i € K si fie non-descrescitoare, tinand

multimea K, adici cele i = 1,7 \K, puterile de influentd
D; ale acestora rdman intacte si, conform definitiei 2.1,

mai multe partide are loc inegalitatea strictd x;(V‘,

initiale ale celui de-al doilea scrutin la datele initiale ale

(Vo keK),i=L,n\K.u

i=1,n, la modificarea concomitenti a valorilor

crescatoare fata de V.

intr-adevar, conform relatiei (2.2), D; depinde - . . . ..
iy fiei (2.2) P * at concomitant modification of quantities Vy(n), k € K ,

. |K] < n values and preserved value of M(n), is invariant to n
- and monotonically increasing to ;.

doar de parametrii de intrare M, V si V. Deci, la
pastrarea intactda a valorilor parametrilor M si V,

Revista / Journal ,, ECONOMICA” nr.2 (92) 2015

< dV, = D(V), i =1,n\k Deci, conform definitiei 2.1, - 21

pentru monotonia metodei, in acest caz, trebuie sa aibd loc - D.(V,)=D,(V,)=adV,<dV,=D(Vp, i =1,n\k.
relatiile x;(V,;) < x{(Vy, i =1,n\k. Astfel, pentru cazul :

general, tinand cont de consecinta 3.1, functiile x(¥), - Method in this case should occur relations x; (Vi) <

direct din - o .

© < n, at keeping intact the values of all other input
Consecinta 4.4. Pentru ca o metodd VD si fie . parameters, are monotonically increasing.
monotond fatd de preferintele decidentilor partidelor ce - ;
in de multimea K, la pastrarea intacta a valorilor tuturor - ffom relations (2.2) and Consequence 3.1. m
celorlalti parametri de intrare, este necesar si suficient ca -

.. - < .~ monotonous to preferences of decision makers of
functiile xi(V;), k € K si fie non-descrescitoare, iar . o
; : parties related to set K, when keeping intact the

- values of all other input parameters, it is necessary

Indeed, according to Statement 4.3, the

At the same time, let V,; > V,, then ">V

respectively, d = M/V < M/V d,

So, according to Definition 2.1, for monotony of the

x(Vy), i =1,n\k. Thus, for the general case, taking
- into account Consequence 3.1, the functions x,(V}),

Statement 4.4. Functions Dy(Vy), k € K , |K|

The veracity of Statement 4.4 follows directly

Consequence 4.4. For a VD method to be

and sufficient that functions xx(7%),k € K be non-

- decreasing, and the x(V, kekK) i= L_n\K ones

cont de definitia 2.1, rezultd direct din afirmatia 4.4 si = . .
; K — Invariant.

relatiile (2.2). In ce priveste partidele ce nu tin de -

Indeed, the need of condition that functions

x(Vi, k € K), i € K be non-decreasing, taking into
- account the Definition 2.1, follows directly from

ar trebui sa aibi loc relatiile x;-(V', keK)=>xV, Statement 4.4 and relations £.2). As for parties not
. s . - related to set K, ie the i = 1,7 \K ones, their powers
k € K), i =1,n\K. Insa cazuri, in care pentru unul sau - . . .

. of influence D; remain intact and, according to

. Definition 2.1, should occur relations x;.(V',

ke K.) >x,-(Vk,.k € K.), i¢ K,nu s adml‘F. Dacja S e K)>x(Ve ke K. i =1.n\K. But cases, in
ar admite, atunci conditia de monotonie specificata de -
definitia 2.1 nu s-ar satisface la trecerea de la datele - Which for one or more parties takes place the strict
tiale ¢ ! | ; “inequality x,(V,, k€K) > x(Vi, keK),
primului scmtm. - partidele 1.n (fauza ,ar p1'erde mandate. - i ¢ K, are not allowed. If it were accepted, then
Astfel, se admit doar egalititile x;(V,, ke K) = - monotony condition specified by Definition 2.1
- would not be satisfied at transition from initial data

. . . - of the second ballot to initial data of the first ballot —
Afirmatia 4.5. Fiecare din functiile Dgn), :

- concerned parties would lose seats. Thus, only
Cequalities x,(V,, keK) = x(Vi, keK),
marimilor Vi(n), k € K, |K| < n si pastrarea intactd a -

valorii marimii ¥(n), este invarianta fatd de » si monoton - i=1,n\Kare allowed. m

Statement 4.5. Each of functions D{n), i =1,n,
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marimea D; depinde doar de cea V, fiind monoton -
- only on the input parameters M, V and V;. So, when
- keeping intact the parameters M and V values, the
monotond fatd de numadrul de partide n, la modificarea -

concomitentd a valorilor marimilor Vi(n), k € K si -

pastrarea intactd a valorii marimii V(n), este necesar §i :

ke Ksi fie non- . monotonous to the number

— - concomitant
descrescdtoare, iar cele x(V, k€ K), i=1n\K - - k € K values and preserved value of quantity V(n),
o it is necessary and sufficient that functions xi(V}),

Justetea consecintei 4.5, referitor la functiile -
x(Vy), k € K rezulta direct din definitia 2.1, relatiile :

(2.2) si afirmatia 4.5. In ce priveste functiile x(V}, :

crescatoare fata de aceasta. m
Consecinta 4.5. Pentru ca o metoda VD sa fie

suficient ca functiile x(V%),

invariante.

kekK),

efectueaza, In mod similar, cu cea pentru aceste functii in
cazul consecintei 4.4. m

Afirmatia 4.6. Functiile Dy(n),
modificarea

i=1,n\K, demonstrarea

concomitentd respectiva a

de n si monoton crescatoare fata de V.

nu depindeden, cideg. m

monotond fatd de aria de cuprindere (numarul de

valorilor tuturor celorlalti parametri de intrare), este

invariante.

functiilor x,(n),

monotonie specificatd de definitia 2.1 nu

doar egalitatile x; (n)y=x(n), I = I,_n [

respectiva  SC . 1 ofer to functions x(Vy), k€ K, follows directly

. from Definition 2.1, relation (2.2) and Statement 4.5.

) * Regarding functions x(V;, k € K), i =1,n\K, the
i=ln, la: ) . L
- respective prove is conducted similarly to that for

valorilor : yeqe functions in case of Consequence 4.4. m

marimilor M(n) si V(n) si pastrarea intactd a valorilor -
tuturor celorlalti parametri de intrare sunt invariante fata -
- concomitant modification of quantities M(n) and
Intr-adevar, caracterul monoton crescitor al -
dependentei D; de V; rezulta direct din (2.2). In ce -
priveste dependenta D; de n, fien’=n+ 1, M’ =M+ g -
si V7 = M’/d. Atunci, dupd cum se poate observa din -
< .7 . . - of D; to V; results directly from (2.2). With refer to

(2.2), marimile D;, i =1,n nu depind de n, iar pentru - the dependence of D, to n?llet o :( p l LM=M+g

Dyvavem Vi = V' =V, Dy =dV,s =d(V’ = V) =g 1 - 304 1 = MYd. Then, as can be seen from (2.2),

Consecinta 4.6. Pentru ca o metoda VD sa fie | quantities D;,  =1,n do not depend on n, and for

Dyywehave Vo =V =V, Dy =dV, =d(V' = 1)
partide n, la modificarea concomitentd respectiva a :
valorilor marimilor M(n) si V(n) si pastrarea intactd a :
. monotonous to coverage aria (number n of parties, at
necesar si suficient ca functiile x(n), i = 1,753 fie concomitant respective change of quantities M(n)

’ > and V(n) values and preserved values of all other

R . . © input parameters), it is necessary and sufficient that
Intr-adevar, dupa cum se poate usor observa, -

dacd metoda VD cercetatd asigurd invarianta -

i=1,n, atunci, tindand cont de : . 4 )
o 7 o ) _ - VD method ensures the invariance of functions x;(n),
definitia 2.1, relatiile (2.2) si pastrarea intactd a -
) ) . . . I =1,n, then, taking into account the Definition 2.1,
valorilor parametrilor Vi(n), i =1,n si d(n), ea este - .

5 . ) .. - relations (2.2) and preserved values of parameters
monotona. Totodata, ca si la demonstrarea consecintei -

4.4, nu se admit cazuri in care, pentru unul sau mai -

multe partide, are loc inegalitatea strictd X,(n’) > - 3 when proving the Consequence 4.4, are not

- allowed cases in which for one or more parties takes

x{(n), i =1,n. Dacd s-ar admite, atunci conditia de place the strict inequality x; ') > x(n), i = Ln. Ifit
S7a' -~ were accepted
satisface la trecerea de la datele initiale ale celui de-al - . . o

. . o o . . - specified by Definition 2.1, would not meet at
doilea scrutin la datele initiale ale primului scrutin — - o o

tidele 1 o . d, date. Astfel dmit - transition from initial data of the second ballot to
partidele In cauza ar pierde mandate. Astlel, se admit =401 data of the first ballot — concerned parties

Indeed, according to formula (2.2), D; depends

quantity D; depends only on the size of V;, being
monotonically increasing to it. m

Consequence 4.5. For a VD method to be
of parties n, at

change of  quantities  Vi(n),

k € K be non-decreasing, and the x(V,, k € K),

i =1,n\K ones — invariant.

The correctness of Consequence 4.5, with

Statement 4.6. Functions D{n), i =1,n, at

V(n) and preserved values of all other input
parameters, are invariant to n and monotonically
increasing to V.

Indeed, the monotone increasing dependence

=g and depends noton n, buton g. m
Consequence 4.6. For a VD method to be

functions x{n), i = 1,n be invariant.
Indeed, as can be easily seen, if the researched

V{n), i =1,n and d(n), it is monotonous. However,

then the monotony condition,

- would lose seats. Thus, only equalities x; (n") = xi(n),

= I,_n are allowed. m
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5. Concluzii

Pornind de la problema de luare de decizii :
multioptionale prin votare cu reprezentare proportionald :
[6], paradoxurile Alabama, al Populatiei si cel al Noului :
stat [2] si tindnd cont de cerinta generald de monotonie a .
metodelor VD, definitd prin puterea de influentd a |
partidelor [4], sunt sistematizate aspectele generale de :
formalizare a cerintelor de monotonie ale metodelor :
,»voturi-decizie” multioptionale.

Astfel, sunt definite sapte situatii de monotonie :
ale metodelor VD fata de unul sau fatda de o categorie :
de parametri de intrare. Sunt date exemple de cazuri !
din practica, ce pot fi reprezentate prin situatiile de :
monotonie definite. Este specificata calea de |
extindere a situatiilor de monotonie in cauza fatd de :
doi sau mai multi parametri de intrare, in functie de .
necesitate. Sunt identificate proprietatile generale ale |
metodelor VD monotone, formulate in afirmatiile 3.1- .
3.4 si consecintele 3.1-3.3. In scopul cercetirii
ulterioare a calitdtilor de monotonie ale metodelor :
VD, este elucidatd starea de monotonie a puterii de |
influenta a partidelor fatd de parametrii de intrare ce :
tin de cele sase situatii de monotonie nominalizate.

Afirmatiile 3.1-3.4, 4.1-4.6 si consecintele 3.1-3.3, :
4.1-4.6 ar putea fi folosite la cercetarea calititilor de .
monotonie ale unor metode VD multioptionale RP :
concrete. :

- requirements

5. Conclusions

Starting from the problem of multi-optional
decision-making by voting with proportional
representation [6], the Alabama, of Population and of
New State paradoxes [2] and taking into account the
overall requirement of VD methods monotony,
defined by the parties’ power of influence [4], the
general aspects of formalizing the monotony
of multi-optional "votes-decision"
methods are systematized.

So, seven situations of monotony of VD methods
to one or to a category of input parameters are defined.
Examples of cases in practice, which can be represented
by defined situations of monotony, are done. The path
of expansion of the concerned monotony situations to
two or more input parameters, if necessary, is specified.
Are identified general properties of monotonous VD
methods, formulated in statements 3.1-3.4 and
consequences 3.1-3.3. In order to further research of
monotony qualities of VD methods, the monotony state
of the parties' influence power to input parameters,
related to the six nominated situations of monotony, is

- elucidated.

Statements 3.1-3.4, 4.1-4.6 and Consequence s
3.1-3.3, 4.1-4.6 could be used in research of
monotony qualities of some particular multi-optional
VD methods.
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