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INTRODUCTION

Stability of solutions in linear elasticity has
been considered in [3]. Sufficient stability
conditions for the solution of linear dynamic
viscoelasticity and in linear dynamic micropolar
viscoelasticity are presented in [4] and [5].

We are dealing here with the stability of
the equilibrium solution of homogeneous mixed
initial boundary-value problem.

1. PRELIMINARY CONSIDERATIONS

Throughout this paper, we employ a
rectangular coordinate system xx and the indicial
notation. Consider an elastic medium with
microstructure occupying the domain (€2 ) of the
three-dimensional. Euclidian space, whose
boundary is (22), in the time [0, T], 0< T <co. The
basic equations in the linear theory of these bodies
are [1]:

- the equations of motion:

(Tij+0'ji)’j+|:i =p'l:|.i

) ¢y
TiktoijtLi=lis* ¥s,7i=0;j
in £X]0, TJ[, for any fixed T;
- the constitutive law:
Tij=aijkl'€ke+gk1y'7ke+fkmng/'lkmn )
i =8y Eret b ¥V it dijonn X kmn (2)

/‘lijk = fijkmn *Emn + dl?zni/k ' 7mn + c{jkmen : kae 2
- the cinematic relations:
1
&j=y\uijtuj)

71]':”./}!’-'_'//1‘]' ’ (3)
Xig =V ik -

In the above equations, we have used the following
notation: U; — components of the displacement
vector; y; — components of the microdisplacement
tensor; &, 75 xik — kinematic characteristics of the
strain; F; — components of the body force; L; —
components of body microforce; 7; — components of
the classical stress tensor; o — components of the
relative stress tensor; Tjjx — components of the couple-
stress tensor; p(x), Iijx), ajw(x), biu(x), Cijgmni(x),
giwi(X),  figmn(X), dijmn(x) , characteristic functions of
the material, the comma denotes partial
differentiations with respect to the space variables xi,
a dot denotes partial derivation with respect to time.
We assume that the characteristic functions
of the material are bounded and measurable

functions in (L) = (£2) U (8£2) , and satisfy:

p(x)2 py O 4)
() =1;1(X) 1 kG2l & &

for any tensor £(&;,) | - being a constant > 0, and:

dijk = aAuij = aAjik » blijk = bklij
Cijkmn = Crmiijk » (5)
fijkrm = fjikrm » Qi = Gk -

To the system of field equations, we add the
initial conditions:

w(xb)=a(x) ,u(x,0)=h(x) (6
w;(%,0) = ¢, (X) , % (x,0) = dy(X) ,

xe () and the
conditions:

homogeneous  boundary
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ui(x,t)=0,0n(62,)V10,T[ ,

ti(x,t) = (rji+gji)nj =0,0n(60Q)X]0,T[,
¥i(x,t)=0,0n(002)V]0,T[ , )
Ti(x,t) = Mgy = 0,0n(002:)X]0,T[,

where aj, b;, ¢jj, djj are prescribed functions, n; are
components of the unit outward normal to
(042) and (0£2,),(042,),(042,),(042,) denote subset

of such that:

{(0-(2) =(00R,)U (622) = (042,) U (042;) ;
(092,) 1) (062, = (042,) ] (042;) = @

Let C3(£2)be the vector functions with
compact support in (£2)and components of
C*(£2).

Let Ho, H+ be the Hilbert spaces obtained
by completion of Cg(£2) wunder the
norms // /[, /I ./, induced by inner products

(u,v)y, :i“z(Ui Vit 9,)de2

(UaV)H+ = !)(Ui,j'Vi,j +‘/’ij,k'¢’ij,k)dg ’

respectively, and let H. be the completion of
C3(£2) by means of the norm:

W
”u” f‘eup ‘ ”V” ‘ , where u = (ui"//jk) ,
V= (Via¢jk) .

We introduce the notation:
Aey > X ) = @y 85" 8+ by Vi Vit
+Ci1'kmne'lg'k'lmnl+2'g;yﬂ'?’,y-'&'kl"‘

+2.fijkmn°lijk.gmﬂ+2.dlﬂﬂnﬂ.},ijollann9 (8)
1 . ..

E(t) =§£ (0O + s Y, ¥ty + Al 230)002 9)

p(t)=£(Fi'ui +Lii"//ij)d‘(2 (10)

We suppose that:

;} Alep Yy 222 - |ux,t ), (11)

a= const.20

2. STABILITY ANALYSIS

The null solution is stable under perturbation
uny satisfying (1) — (7) if for any & > O there

exists a &, such that [3]:

[ | (p~u,--ul-+1,~,~~l//,-s-l//,s)d!HQ}<5 (12)

2(0)

implies that:
sup[ J (p-u,--u,-+1,-,»-wis-sz>dQ+Q}<e (13)
0<t<T| Q1)

where () denotes integration over the volume of
the body at time t, while Q is an appropriately
chosen positive functional of the initial data which
tends to zero as the initial data tend to zero. Its
precise form will be specified later. We say that a
solution is unstable when it is not stable.

Theorem 2.1. In condition (11) the null solution is

stable for F; =0, L;; = 0.
Proof. Consider the functions G(t) defined by:

G(t)=In[F(t)+Q]++¢ (14)
where:
F()= g{ )(P'uz”uz‘"'Izy"'/’is"/’js)dQ (15)
We have:
(F+0)-G=(F+0) F—(F)+2(F+0)* >0,
0<t<T (16)

From (15) and (4) we obtain:

F=2[ (puru+l;y, v, )d (17)

(1)

and:



86 Elastic bodies with microstructure: problems of stability

F=2] (purwitI;y W, +pu u+

Q1)

+I!'/.'//is.l//js )d‘Q (18)

Applying the divergence theorem and
taking into account (1), (7), from (18), we have:

F=2[ [(prurut ;¥ ¥, —(r; 65+

o)
+O—ﬁ'}/g/+ﬂgjk'lgjk)]dg (19)

From (19) and (9), we get:

F=—4B@)+4 [ (puwurt I,y p,)dR2 (0)

Q)

Since E(t) defined by (9) is time-independent (i.e.
E(0) = E(t)), from (19) we obtain:

F=—dBQ)+4 | (p-in-iot I, yoyr,)d2 (21)

Q)

Taking into account (21), (17) we use
Schwarz’s inequality to obtain:

(F+0) F—(F)* 2 ~4E,, (F+0)+

40 [ pu; dQ24E, (F+0)2 20(F +0) >

a2t

>-2AF+0) , (22)

provided Q is chosen to satisfy Q > 2E .
Thus (16) is established.
From (16) there results the convexity on G(t) on
[0, TT.
From the convexity of G(t), it immediately
follows that:

t t t t
G(f)ﬁG(;,T+(1—;,)'O)S;,G(t)+(1—;)‘0(0),
(23), Le

F(t)+0<e ™ .[F(T )+Q]§ [Fco )+Q]"§ ,
0<t<T (24)

0<t<T,

Since all term on the right of (24) remain
bounded, it follows that for 0<t<T arbitrarily small

values of F(0) + Q imply arbitrarily small values of
F(t) + Q.

This concludes the proof of the theorem.

Theorem 2.2. The equilibrium solution of the linear
dynamic theory of elastic media with microstructure
is uniformly Liapunov stable with respect to the
measures

2

pa() =[x, 1) +JuCe 0[]

0
2

1, ) = (x, 00+ Juu(x, 0)[] (25)

or in respect to the measures:

[ w(w)=E©0) (26)

Hu)= Ijt(x,t) +||u(x,t)

Proof. We have
E(t) = E(0), for t >0. 27

Using relation (4), (11), we get

u(x,t)| +a-fuxo <2E@), (28)

P
where p, = mi n{ Pord } and thus from (27) ,
we have:

2

u(x,t)| +a-Jux,of <2EB0. (9
0 m

m= min{p'o,a} :

If we introduce the notation

p;;:max{p,E} ,N=esssup\/tr(PT~P) ,
xe2
E = g5 sup\/tr(RT-R)

xeN

where

M=max({p;,N}’Rijkl=5ijklel ’
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Ac G, O O 0 0 ©
Goe Go O O 0 0 0
O 0 A, O O 0 0
ps{l 0 0 0 0 F, O O
O 0 0 F, O
0O 0 0O 0 0 0 D,
0 0 0 0 0 Fy O0)

R, A, B, C, G, F, D is the matrix of components
Riju(%) 5 Ayt (%) 5 Biwi(X) 5 Cijpommi(X) > Gia(X)

Fijkmn(x)9 Dijkmn(x)'
We obtain:
.2 . .
2E, = I [p-ui(x)+ Rijw - ¥ (x,0) -y (x,0) +
0

+aijk £;(X,0) - gu(X,0) + by }/ij(X’O) 74(X,0) +
+Cijkmnl ‘Zijk(x1o) ~,’(mn|(X,0) + Zgijkl : 7ij(X10) :
£1(X,0) +2F - 2i(X,0) - £m(X,0) +

+2d i 7;(X,0) * 2o (X,0)d2 <

< [ Loy (W2(x.0) + @)2(x,0) + N((£):(x,0)+

F()2.(%,0))d2 < M [(1)7(x,0) + (#)2(x,0)

+82(x,0) + 22 (x,001d2 < M, [lu(x,0)| +

(o]

+a-Ju(x,0)’1, M, >0. (30)

Now, from (29) and (30), we obtain the
main inequality:

L'J(X,t) +ux.t)

+Hu(x,0)

x|

2 M1 ’
+SF ux,0)

i @)

2
+
0

This concludes the proof of the theorem.

Corollary 2.2. Using Friedrichs’s inequality
[2, pp-41]

Iiuf‘m < c,{f i u, 492+ I iuzda},

0 i=l 0ik=1 o0 i=l

C1>0’ (32)

we have:

Jux.b)] ; < gqluxab);

if 002 =082, =¢ (33)
From (31) and (33), we have
. 2 M . 2
u(x,t) +||u(x,t)||i <—2J|u(x,0)| +
0 : 0
+ux.0)[1 (34)
with my = min {1, ¢;}. That is, the equilibrium

solution is stable with respect to the measures

2

U )| +HuOB (W) = E(0) (35)

p(u) =

or in respect to the measures

2

pu)=|u(x,t)| +|ucx, ), (36)
py(u)=|u(x,0)| +|ucx,0) .
0
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