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INTRODUCTION

Stability of solutions in linear elasticity has
been considered in [3]. Sufficient stability
conditions for the solution of linear dynamic
viscoelasticity and in linear dynamic micropolar
viscoelasticity are presented in [4] and [5].

We are dealing here with the stability of
the equilibrium solution of homogeneous mixed
initial boundary-value problem.

1. PRELIMINARY CONSIDERATIONS

Throughout this paper, we employ a
rectangular coordinate system xx and the indicial
notation. Consider an elastic medium with
microstructure occupying the domain (2 ) of the
three-dimensional. Euclidian space, whose
boundary is (2¢2), in the time [0, T], 0<T <co. The
basic equations in the linear theory of these bodies
are [1]:

- the equations of motion:

(ci+ov) +Fi=p-u

¢))
[
Tkt oijtLij=lis* ¥siTij=0;j
in «X]0, TI, for any fixed T;
- the constitutive law:
Tij = Qiju " Eke T Jij* Vie T f kmnij * A kmn 1
i = Qi * Eke +buii* Vg + dijkmn* Limn » (2)

M= T ijkmn * €mn + A mnijc* ¥ oo T Cijiemen * X ke »
- the cinematic relations:
1
gij= E(Ui,j +Uj,i) ,
Vi=Uupityy 3)
Xik=Vii -

In the above equations, we have used the following
notation: U; — components of the displacement

vector; wij — components of the microdisplacement
tensor; &i, yij, xik — Kinematic characteristics of the
strain; F;i — components of the body force; Lj —
components of body microforce; z; — components of
the classical stress tensor; ojj — components of the
relative stress tensor; Tijk — components of the couple-
stress tensor; p(x), Li(X), aijk(X), bij(X), Cigmn(X),
giii(X), fikmn(X), dixmn(X) , characteristic functions of
the material, the comma denotes partial
differentiations with respect to the space variables xi,
a dot denotes partial derivation with respect to time.
We assume that the characteristic functions of the
material are bounded and measurable functions in

(?2) =(02) v (092) , and satisfy:

p(X)= pyy O @
(%) =1 ;(x) G- Guz -6 &5

for any tensor &(&;;), | - being a constant > 0, and:

Aijk = awij = Ajik » Diijk = Duij
Cijkmnl = Crmlijk > (5)
fijkmn = fjikrm ' G = G -

To the system of field equations, we add the
initial conditions:

u(xb) =3, (x) . L(x.0=b(x)  (6)
Z;i(X,0) =c;(X) ,Yg’ij(x,0)=dij(x) :

xe(2) and the
conditions:

homogeneous  boundary

u(x,t)=0,0n(602,)V]0.T[ ,

ti(X,t) = (z; +O'ji)nj =0,0n(002)X]0,T[ ,
¥i(x,t) =0,0n(0Qs)V]0,T[ , ™
T, = pgn, = 0,00 (220)X10,T[ ,
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where a;, bj, cij, dij are prescribed functions, n; are
components of the unit outward normal to
(02) and (6£2,),(6€2,),(6€2,),(6£2,) denote subset
of such that:

{(a.o) = (692,) U (62) = (692,) U (62,)
(02,) 11 (092,) = (02,) 1 (062,) = @

Let C3(£2)be the vector functions with
compact support in (£2)and components of
C"(£2).

Let Ho, H+ be the Hilbert spaces obtained
by completion of C3(£2) under the
norms // ./, ,/l ./l induced by inner products

(U’V)HO = J}(Ui Vi +ij°¢jk)dg )
(U1V)H+ = J}(Ui,j 'Vi,j""/’ij,k'(Pij,k)dQ ,

respectively, and let H. be the completion of
C2(£2) by means of the norm:

u,v
ul. = supu , Where u=(u,y,),
er, V[ |
v=(V,, @) -

We introduce the notation:
Alei 7 Zig) = @i €ij* En+biga " ¥ Vi +
+Cijkame* X" Xom T2 Qg Vi €+

+2- fijkmn'Zijk'gmn+Z'diikmn'yij'kan’ ®)

Et)= 2] (p- 0+ [y, -1, + Aley 72,002 ©)

20
p(t) =£(Fi-ui + L -y;)dQ2 (10)
We suppose that:
[ Aley 7y ,Zijk)dQZa-"u(x,t)"i, (11)

0
a= const.=>0

2. STABILITY ANALYSIS

The null solution is stable under perturbation
Ui,y satisfying (1) — (7) if for any &> Othere
existsa §, such that [3]:
|: | (P'Ui‘Ui"'Iij'V’is'V’js)dQ+Q:|<5 (12)

2(0)

implies that:

sup[ [ (p'ui'ui+1ij"/,is.'/,js)dg+Q:|<8 13)

0st<T | 2(t)

where () denotes integration over the volume of
the body at time t, while Q is an appropriately
chosen positive functional of the initial data which
tends to zero as the initial data tend to zero. Its
precise form will be specified later. We say that a
solution is unstable when it is not stable.

Theorem 2.1. In condition (11) the null solution is

stable for Fi =0, L = 0.
Proof. Consider the functions G(t) defined by:

G(t)=In[F(t)+Q]+t? (14)
where:
F(t)= g{t) (o-ui-ui+I; "//is"/’js)dg (15)
We have:
w [/
(F+Q)*-G=(F+Q)-F~(F)*+2(F +Q)" 20,
0<t<T (16)

From (15) and (4) we obtain:

o a u
F=2 I (p'ui'Ui+[ij"//is"//js)dQ a7

(1)

and:

m /7 ) 7 17
F=2]‘ (p'ui'ui""lij"//is"//js+p'Ui'Ui+
2(t)
[
+1i Yy )d02 (18)

Applying the divergence theorem and taking
into account (1), (7), from (18), we have:
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[ o o a a
F=2] [(p-ui-Uit Iy v — (i 6+

0(t)
+oi Vit My Xy)]d€2 (19)

From (19) and (9), we get:

mw o o o /i
F=—4B(t)+4 [ (p-UrUi+ Ij-¥,w,)dQ2 (20)

Q(t)

Since E(t) defined by (9) is time-independent (i.e.
E(0) = E(t)), from (19) we obtain:

m o oo a o
F=-4E(0)+4 [ (p-urUi+ Iy w,)dQ (21)
Q(t)

Taking into account (21), (17) we use
Schwarz’s inequality to obtain:

(F+Q)F—(F)2 —4E, (F+Q) +

+4Q [ pls d224E, (F +Q) 2 —2Q(F +Q)2

Q)

>-2(F+Q)* , (22)

provided Q is chosen to satisfy Q > 2Eq).
Thus (16) is established.
From (16) there results the convexity on G(t) on
[0, T].
From the convexity of G(t), it immediately
follows that:

t t t t

G(t)SG(?T+( —?)-O)S?G(t)+(l—_|—_)-G(0),
0<t<T, (23), i.e.
F(t)+QSe‘(T‘t)-[F(T)+Q]%-[F(0)+Q]l_% ,
0<t<T (24)

Since all term on the right of (24) remain
bounded, it follows that for 0<t<T arbitrarily small
values of F(0) + Q imply arbitrarily small values
of F(t) + Q.

This concludes the proof of the theorem.

Theorem 2.2. The equilibrium solution of the
linear dynamic theory of elastic media with
microstructure is uniformly Liapunov stable with
respect to the measures

S(X,t)

p(u) = +ux D[

1y(W) =u(x,0) 25)

or in respect to the measures:

2
+[u(x,0)[
0

u(6) = 0]+ (W) = EQ)  (26)

Proof. We have
E(t) = E(0), for t >0. (27)

Using relation (4), (11), we get

py-uee | +a-Ju b <2B@E), 28)

where p, = mi n{po,l} and thus from (27) ,
we have:

3(x,t) +a-||u(x,t)||i < %E(t), 29)

0

where m=min{p'0,a} :

If we introduce the notation

po=max{p,E} N =esssupy/tr(pT-P)
xef2
E =esssupy/tr(RT-R)

xef2

M = max({p'(',,N} y Riga = i ji

A Gy 0 0 0 0
Gyo Cyo 0 0 0 0
0 0 A, O 0 0
p=| O 0 0 0 Ry 0 0
0 0 0  Fe 0
0 0 0 0 0 0 Dy
0 0 0 0 0  Fy 0 )

R, A, B, C, G, F, D is the matrix of components
Rija (X) , Aija(X) , Biju(X) s Cijkmni (X) » Gija(X)

Fijann(X), Dijiann(X)-

We obtain:
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72 i a
2E, =I[p-Ui (x)+ Riju -l//ij(X,O) 'Wkl(x’o) +
0

+ai £ij(X,0) - £1(X,0) + by 7, (X,0) - 7,,(X,0) +
+Cijtomi * X5 (X,0) * Xy (X, 0) + 205 - 7,;(X,0) -
-£u(X,0) +2f ijkmn 'Zijk(x’o) “&m(X,0) +
+2dijim - ¥;(X,0) * Zim(X,0)d2 <

< [ 19+ (WF(X,0) + @) (6,0)+ N(()2(x.0) +

+(2)2(x,0))d2 < M| [(W2(x.0) + (W)2(x,0)

17
+£7(x,0) + 7, (x,0)] d2 < M [|u(x,0)| +
0

+a-Ju(x,t)[’1, M, > 0. (30)

Now, from (29) and (30), we obtain the
main inequality:

2

M1

ux.t) u(x 0)

(31)

+]u(x,0)

This concludes the proof of the theorem.

Corollary 2.2. Using Friedrichs’s inequality
[2, pp.41]

[Suiesc[Suioa | Suel

2 i=1 80 i=1
c,>0, (32)
we have:
Juex. ;< cqluexnl;
if 002, =00, =¢ (33)
From (31) and (33), we have
2 2
u(xt)| +ut)f < M |ucx,0)
0 m-m, o
+u(x,0)[;] (34)

with my = min {1, c¢1}. That is, the equilibrium
solution is stable with respect to the measures

u(u) = U, 0| + oD (W) = E(0) 65)

or in respect to the measures

2

u( x,t) +||u(x,t)||i : (36)

p(u)=

S(x,o)

p(U)= +u(x,0)[}

Bibliography

1. Ciobanu G. G. Stability of the Solutions in Linear
Viscoelasticity, Bul. Inst. Polit. Iasi, XXIV (XXVIII),
1-2 Sectia I, (1978)

2. lesan C.M. On the Existence and Uniqueness of
the Solution of the Dynamic Theory of the Linear
Elaticity with Microstructure, Bull. Acad. Polon.
Sci, Ser. 1V, 22 (1974)

3. Iesan C.M. Unele probleme fundamentale ale
teoriei liniare a mediilor elastice de tip Cosserat,
in: Probleme actuale in Mecanica Solidelor, vol. I,
Ed. Academiei, R.S.R., Bucuresti, 1975

4. Knops R.J., Payne L.E. Stability in linear
elasticity, Inst. J.Solids Structures, 4, (1968)

5. Manole D. Stability of the solutions in linear
micropolar viscoelasticity, Bul. Inst. Politehnic layi,
XXIV (XXXI), 1 - 4, Sectia I, Mecanica (1983).

Recomandat spre publicare: 31.01.2006



	STABILITY OF ELASTIC BODIES WITH MICROSTRUCTURE
	M. Ispas, D. Manole
	Technical University „Gh.Asachi” of Iassy
	INTRODUCTION
	1. PRELIMINARY CONSIDERATIONS
	2. STABILITY ANALYSIS
	Proof.  We have
	Using relation (4), (11), we get
	R, A, B, C, G, F, D is the matrix of components
	This concludes the proof of the theorem.
	From (31) and (33), we have
	Bibliography



