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Abstract — A model is proposed allowing considering radiation of semiconductor quantum dot (QD) in a
vicinity of metal nanoparticle (NP) as radiation of an ensemble of unit cells, from which the QD consists. It is
shown that each unit cell of QD can be considered as a separate radiating point dipole. Relations are obtained
between the coefficients of multipole expansions of electromagnetic fields in two spherical coordinate systems
centered in the semiconductor QD and the metal NP. The relations allow using separately spherical
symmetry of the QD and the NP despite the “QD + NP” structure as a whole is not spherically symmetric. It
is shown, that contribution of a particular QD unit cell into the total QD radiation is proportional to the value
of the envelope exciton wave function in corresponding QD node. Summing contributions from all QD unit
cells makes possible to find characteristic radiative and nonradiative times in “QD + NP” structure and
evaluate their decrease relatively to that of isolated QD due to resonant excitation of dipole and higher order
multipole plasma oscillations in metal NP. For the metal NP not only contribution of free carriers to its
dielectric function is taken into account (Drude term) but that of bound carriers too due to possible interband
transitions in real metals in the actual frequency range. Besides, to cover the cases of extremely small metal
NPs (less then 10 nm in size) a spatial dispersion in NP dielectric function is also accounted.

Index Terms — metal nanoparticle, multipole amplitudes, point dipole, radiation scattering, semiconductor
quantum dot

emission actually can be described as emission of a set of
point dipoles with unit cell size as “point” size. Therefore,
to calculate the emission characteristics of semiconductor
QD in a vicinity of the metal NP it is necessary to
consider previously the contribution to the emission of
arbitrary unit cell in QD, and then integrate the
contributions from all QD unit cells with corresponding
weight factors in the form of the product of the electron
and hole size-quantized envelope wave functions. In this
paper, we have considered the first part of this problem,
which is reduced to the calculation of the electromagnetic
fields of a point dipole radiating inside the semiconductor
QD in the case when QD is located in an immediate
vicinity of metal NP. The consideration is made in a
single scattering approximation. Multiple scatterings of
electromagnetic field in “QD + NP” structure could be
accounted too using the obtained relations between
coefficients of the field multipole expansions in two
different spherical coordinate systems with the centers in
QD and NP.

I. INTRODUCTION

For the wide practical perspectives the intense theoretical
studies of radiation characteristics of point emitters
(dipoles) placed near small metal particles had been
carried out in last decades. It had been shown that due to
resonant excitation of plasma oscillations in such particles
the characteristic times of both radiative and nonradiative
losses of the emitters depend on the distance between the
emitter and the metal particle, as well as on particle size.
As a result, the efficiency of the emitter radiation depends
non-monotonically on the distance [1-3]. Considering the
emitter as a point dipole is completely justified in the case
of isolated atom or molecule luminophore. However, by
studying radiation of semiconductor QD in a vicinity of
metal NP the QD a priori can not be considered as a point
dipole (especially at comparable QD and NP sizes).
Therefore, all previous theoretical approaches in fact can
not be directly applied to this system. The goal of this
work is just to develop a model allowing calculations for
the case of semiconductor QDs in a vicinity of metal NPs.

I1. GROUNDS FOR THE MODEL OF QD RADIATION
AS RADIATION OF AN ENSEMBLE OF
OSCILLATING POINT DIPOLES INSIDE QD

Consider QD multi-electron system when one of the
electrons is excited from a state associated with the
valence band of bulk material, from which QD is formed,
into the state associated with conduction band. In the

We have shown that despite semiconductor QD as a
whole can not be considered as a point dipole, its
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linear approximation, the solution of time-dependent
Schrudinger equation can be written in this case as
follows:

V(1) =¥, exp(—io, 1) + ¥, exp (i (2, + @)1) » @

where y_is the wave-function of the ground state of

multi-electron system with Hartree-Fock energy re,, ¥,
is the correction to the wave function ydue to specified

perturbation, n is the energy of the perturbation. Wave
function ¥ can be written as antisymmetrized product of

one-electron orthonormal Wannier lattice-site functions of
the valence band [4]:

A RETN (T T) Y EATY § (AN [ R

where p is the operator of a particular permutation from

total (nk, )1 permutations, at which Nk space-spin

electron variables {g g g } are distributed over
11921 = T9NK,,

Nk, -fold product of valence-band lattice-site Wannier
functions b’

L (&)=bY (F)7,(s) as their arguments (¥ is
the spatial and s the spin variable), 4, is multiplicity of
the permutation p, N is the total number of lattice sites
(nodes, unit cells) in the QD, T is one of these lattice
sites (T in (2) runs over all N sites of QD crystal lattice),
o is a symbol of the electron spin state for a given
degenerate state of the valence band, « is a symbol
characterizing the degeneracy of the valence-band lattice-
site Wannier functions over crystallographic directions (in
cubic crystals all three crystallographic directions are
degenerated), K, is the multiplicity of degeneracy over
electron spin and the crystallographic directions. Here and
below, the tilde over the variables means that they are
written in the coordinate system with the center in the
semiconductor QD.

The wave function y can be written as a superposition of
antisymmetrized 7 -states
electrons of the multi-electron system is transferred from
the localized in the site S «aoc-Wannier state of the

valence band b‘gm into the localized in the site t© o' -

in which one of the

Wannier state of the conduction band b% o

g/lmr’(él’m léNKW) = z C;J'algfa’a(él’m léNKw) . (3)
Sta
The Cg”“ coefficients are the probability amplitudes of
such 227 -states,

(4
27 =Y J(NK 0% b2, () TT bY,, () (B, ) @

In an analogy with [5,6] let us introduce the mean dipole
moment P(L,t) of the lattice site L, which arises due to

above specified distortion of the QD multi-electron
system,

PLO =¥ O O ¥OIQ, . ©)
where the integration is taken inall NK__ variables of

multi-electron  system, f)o(l:) is the dipole moment
operator for the site L,

p(L)=e> (F, ~L)T(F,-L) - (6)

In this formula the sum is taken over all N spatial

variables of the electron subsystem, function T(F,-L)
equals zero if spatial variable ¥ turns out to be outside
the unit cell at the node [ and T(F -L)=1 if 7 is

within the unit cell.

Carrying out integration in (5) for a chosen particular case
of spin states o and &’ (with an account for the electron-
hole exchange interaction the perturbation energy #w
can depend on these spin states), the following expression
could be obtained:

P(LY)=ed Cs [ bF*(F) (F-D)b!, (M dFexp(-iot): (1)
5'['a VO(I:)

where integration is taken over the volume Vv, of the unit

cell at the node L . Since Wannier functions are strongly
localized within the respective unit cells at the nodes 3
and t the only option when the integral in (7) is not zero
corresponds to $=t=L case. Thus, introducing the
notation p_ for the independent on a particular unit cell s
transition dipole moment,
p.=e [os@®FoL@are @
Vo (3)

the following expression for the mean dipole moment
P(L,t) of the lattice site L can be obtained:

P(L,t) =Y .C% p, exp(-iot) » 9)

i.e. p(L,t) is formed by the “node” dipole moments ),
with weight coefficients Ci . By passing from discrete (
L) to continuous (r,) variable the discrete amplitude
C& of electron-hole transition in the node L transforms

into the exciton envelope wave function %2 (F,,F,). In

the first approximation this function takes a form of the
product of electron and hole wave functions of size-

quantized states in QD, V. (I, ,T,)=o,(f,) o’ (r,) [7, 8].
Accordingly, under such passing to continuous variables
the “node” dipole in the sum (9) transforms into the
located at r, “point” radiating dipole p_ exp(-iwt), and

by summing contributions of all QD unit cells into the
total QD radiation the discrete sums of the type
chtf(r-) should be replaced by the integrals
L

[we, P /@),
I1l. MODEL OF THE SYSTEM

Consider a system consisting of three mediums (figure 1).
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Fig 1. Point dipole in a vicinity of metal NP; structure
has spherical symmetry (a). Semiconductor QD in a
vicinity of metal NP; structure isn’t spherically
symmetric (b).

1) Spherical metal NP of the radius R; characterized by a
non-local  permittivity ¢ (w,k). Using non-local

permittivity instead of local one ¢ (), as well as account

for additional electron scattering on the NP walls allows
calculations for NP of extremely small sizes (less than 10
nm in diameter) by the methods of classical macroscopic
electrodynamics [9]. In line with [9-11] in optical range of
frequencies ¢ (w,k) can be expressed as:

g (w,k)=1+ gib(w)+€;,(”(a), k), (10)
where second term on the right-hand side is due to

interband electronic transitions (the contribution of bound
electrons), and the third term,

e (k) =-o /{ O+i (F+AvF IR )J—ﬁf(ukz} ,
is due to electronic transitions within the conduction band
(the contribution of free electrons). Indices T and L are
used to denote transverse (T) and longitudinal (L)
components of the permittivity. Within the hydrodynamic
model g =+/3/5v., Where y_ is the Fermi velocity (

(11)

Ve ~ 1.4-10% cm/s in the case of gold or silver), while Jis

equals zero and therefore &] (w,k) = ¢] (»,0). The decay

constant of the bulk material T=vell, where If is the

mean free path of electrons, constant A takes values in the
0.1+ 0.7 range [9] depending on the mechanism of
electron scattering on the NP walls and other factors,

a)§ =4zne?/m’ is the plasma frequency of the NP
material. At a given frequency o the wave number k_ of
the transverse electromagnetic waves in the NP could be
determined from the condition k? = & (w,0) »* /¢, while
the wave number k of the longitudinal electric
oscillations from the condition & (w,k )=0.

2) Spherical semiconductor QD of the radius R, with
background permittivity &. The distance between QD and
NP centersis D > R,+R,-

3) Barrier matrix with permittivity ¢,.

The formulated electrodynamic problem for the
oscillating point dipole p,, inside QD is considered below

using Jackson formalism [12], where vector spherical
harmonics X, (Q) are used in multipole expansions of

transverse electric and magnetic fields. As for the
calculation of electromagnetic fields in QD+NP system
the boundary conditions on both semiconductor QD and
metal NP spherical surfaces should be satisfied, the main
problem becomes the establishing a connection between
the multipole components of the fields in two different
spherical coordinate system with the centers O; in metal
NP and O, in semiconductor QD.

IV. RELATIONSHIP BETWEEN MULTIPOLE
EXPANSIONS OF ELECTROMAGNETIC FIELD IN
TWO COORDINATE SYSTEMS

By calculating electromagnetic fields in nonspherical
QD+NP system the best solution would be to use
separately spherical symmetry of QD and NP. According
to [12] in the n-th material with permittivity &, the electric
and magnetic fields in spherically symmetric cases can be
expressed as following multipole expansions :

E(r)= Izl:zl { (1, mycurl] f,(k, r) X, ()]+ (12)
+ay, (I,m) f,(k, r)X,, (L) }

BN=3"S 1L m) f, (k. 1)X, ()

" ;2;{%(m)(ﬁ)m() ,aa

_%ﬂwmmwﬂnmnxmm@

where k, =w/c, k, =K./&,  a.(I,m) and a,, (I,m) are
the multipole amplitudes (coefficients) of the electric and
magnetic types, respectively, f (x) is the spherical

Bessel function j (x) or the first kind Hankel function
h®(x) (hereafter denoted h,(x) as well) or their

combination depending on the region of space and
asymptotic or boundary conditions that should be

provided. Normalized vector spherical harmonics X, (Q)

(symbol 22 means angular variables {8,¢}) are expressed
as follows:

r
Im:m[erXVYlm]: |

= ! {—e ! i+e i}Y
iflq+) [ “sindop o0 "
Y, (2) =21 +2) (| - m)! /(47 (| + m))["* P (cos ) exp(img) ~ are
the normalized scalar spherical harmonics, B™(x) are the
associated Legendre functions. Accordingly,

curl[ f,(k, 1) X, (Q)] = i{,/l (/+1) M Y, (Q)e, +

L1 d(rk,n)
JIg+1) dr
In (14) and (15) e, ,e and e, are the orts of spherical

coordinate system. The following orthogonality and
normalization condition are used hereafter:

(14)

. (15)

VYIm (‘Q)}

 (16)

[y mm
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I +1)+l

[eurl X, (2)] -curl[ X, ()] d2= 6,8, . (A7)
[VYii(2)- VY, (Q) dQ =10 +1) /7 5,8,y » (18)
j X: (Q)-curl[X,, ()] d2=0, (19)
[ X1 (@) V¥, (@) d2=0 , (20)
[ (@)%, () dQ =8, 8, - (21)

It could be found in line with [12], that for the located at
point ry oscillating dipole p n_exp(-iwt) (n, isa unit
vector along the dipole direction) the multipole
coefficients a_(1,m) and a,, (1,m) in expansions (12) and
(13) should take the following form:

8 g (I,m)=4r P. knkO n, -curl [g|(k Iy )Xik (Q I (22)
ayg(bm)=4rip, k ki g,k 1) n, X (2) (23)
and there is the following correlation between functions
f,(k, r) in(12) and (13) and g, (k, r,) in (22) and (23):
filk, 1) =ji(k, 1), 9y (k, ) =h, (k. 1y) (24)
fik, ) =hk,r), 9,(k 1) =Ji (k. 1) (25)
For the convenience of further consideration following
notations are introduced:

if r<r,

if r>r,

acy(l,m)=4zp, kK, n,-curl, [j(k, )X, ()] . (26)
ac,(m=4rp,kk,n, -curl, [hy (k, X (@) . (@27)
al\;,d (I’ m) =4ri P, knko2 j| (kn rd) n, 'er (Qd) ’ (28)
ay o (Lm)=4zip, k ki h (k1) n, X (Q) - (29)

IV.l. Homogeneous medium

To find relations between the coefficients of
electromagnetic field multipole expansions in two
spherical coordinate systems with the centers in points O
and O, (see figure 1) consider for the first the case of a
homogeneous medium with g=&=&;. According to (12),
in these two systems multipole expansions of point dipole
electric field should have the following form:

E(r) = ;ZI{ (1, m)curl[ f,(k, 1) X, (2)] + -
+ay, (I,m) f,(k, r)X,, (£2) }
I i . -
E(r) = émzl {@ ac (I, m)curl; [ f, (ks F) X, (_Q)J + @)

+ 8y 4 (1 m) (k)X (é)}

For the field is independent on a particular coordinate
system used for its presentation E(r)=E(r) in every
point of the space. Multiplying this identity on X: ()
and integrating over solid angle @ with an account for
(16) and (19) the following connection between multipole

coefficient a,, and multipole coefficients aM ¢ and a;,
for the region r >, can be established:
ay (I,m) :Z.C:err' |:F||W(D) ay q(I'm) +
- (32)

MKsD) ~miy 2o g1
|(|+l)\/76”/(D) ag 4(I'ym)

Analogously, from the
B(r) = B(F) we have

aE(I,m):iR,T,{F,,',"(D)égd(l’,m) -

identity of magnetic fields

(33)
() N AP
- WGW(D) dy 4l ,m)}
In (32) and (33)
R.T=‘/(2'+1)(2"+1)\/' I+D (-m! (—m)! (34
2 P+ (+m)! ('~m)!
WD) 0D D)o
RI(D) = {j Ao | S0 D P er i+
f(k ?(D f I({I(IJrl) S ( rj ’(35)
+|((|3+1)){ Ivlfa?:r) f (k r)J (1 )22) dp fX):| X}
G (D) =1/ 0, )] | 1.0, )PP () PP (R) dx (36)

-1

where f’(y) means df(y)/dy, X=(x—D/r)/s, F=rs,
s=[1+(D/r)?* —2 xD/r ]"*. Formulae (32)-(36) have
been obtained accounting for the following expressions
fortheorts e, e; and e;:

e, =[L-xD/r)e, +1-x2 (D/r)e,]/s , @37
e, =[-V1-x*(D/r)e, +(1-xD/r)e,l/s (38)
e;=e, (39)

In accordance with explicit expressions (35) and (36) the
connection coefficients F and G, look like
coordinate-dependent ones. However, their independence
on the “connection sphere” radius r can be easily verified
by making numerical integrations in (35) and (36). In the
case of r >, function f, (k,F) in the integrands (35) and
(36) is the spherical Hankel function of the first kind
ht(k,F). Function f (k,r) is the spherical Bessel
function j (k, r) inthe region r <r, and spherical Hankel
function h®(k, r) in the region r > r,. Consider the case
when dipole is located near gg)center (r, »>0). Then
f,(k,r)=j,(k,r) atr <D and f,(k,r)=h®(k,r) at r>D.

As an example, the results of numerical calculations of
m and G are shown in figures 2 and 3 for the set of

LI
parameters  {L,Im}={3,42}, &=3, 1,=500nm,
connection

D=5nm. As seen from these figures,
coefficients K" and G| really do not depend on r, i.e.

they are the constants. At arbitrary finite ﬁj the parts of

the dependencies in the region DT, <r <D +T, should

be deleted in these figures.

IV.Il. Semiconductor QD in barrier matrix

Consider radiation of a point dipole located inside QD
with dielectric constant &, the QD being formed in barrier
matrix with dielectric constant g. The field, which is
incident on the inner surface of the QD, reflected inside
QD field and the field transmitted into barrier matrix
could be written in the form of (12) and (13) with
corresponding spherical Bessel or Hankel functions
depending on the necessity to provide the field finiteness
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Fig. 2. Connection coefficient ‘F,"’,’ as function of r in

the case of L=3, I=4, m=2, D=5nm. In the r<D
region f_(ksr) = j.(ksr), values | F,_”," refer to the left
axis of ordinates. In the »> D region f(ksr)=
hi(ksr), values ‘FI";I refer to the right axis of

ordinates.

at F=0 or right asymptotic behavior at ¥ —»>«. In a
standard way [12], using (16)-(21) two systems of
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Fig. 3. Connection coefficient |G[f”f| as function of r

for the same parameters and conditions as in Fig. 2.

algebraic equations for the multipole coefficients could be
obtained from the continuity conditions for the tangential
components of the electric and magnetic fields at the QD
surface. As follows from these equations the relationships

between the multipole coefficients &{(I,m) and
49(1,m) of electromagnetic field penetrated into the

ay q(1,m)
and a; ;(I,m) of the point dipole electromagnetic field

barrier matrix and corresponding coefficients a

incident on the QD inner surface have the following form:

ay(m=Vvy () a, ,1m, (40)
~“)(I m) =V (1) & ,(,m) , (41)
()= |\/_ 1 (42)
(k:R,)* e, ik, Rz)h<k3Rz) Ve, hi(kR,) ji(k,R,)  (43)
VE()=5

koR; & §i (K R,) [Xh (X)Liir, — &5 D1 (KsR,) [X §i ()T e,
The connection between multipole coefficients ah‘,:’ and

a® of electromagnetic field outside QD written in
coordinate system O; and multipole coefficients 5,&” and

al of the same field written in coordinate system O, is
analogous to the homogeneous medium case:

a:;)a,m>=iRm{F.mo)a&’azm .

> , (44)
mk;D) . 5
NN Gr(®a: 'm)}
ag)(l,m)zng{FHT(D)ég)(I"m) - (45)

_mk, D)\/g o
T G (D)a, (', m)]

V. INTERACTION OF RADIATION WITH METAL NP

If spherical metal NP with the center at O, (see figure 1,b)
is additionally placed into the above considered system,
then electromagnetic field radiated by QD point dipole
scatters at the NP. In previous section the multipole

coefficients a(E” and ah‘,:) of the field radiated by QD in
the coordinate system with the center at O, have already

been determined. This field can be considered now as
being incident on the NP:

erm-3 3 L

ag’ (1, m) curl[ j (kyr) X, (2)1+

1=1 m=-1 (46)
+ a{,:)(l,m) Ji(ksr) XIm(Q)}
BO(=3. 'Z{aé"(l.m) 5 (ksT) X, () -
1=1 m=-1 (47)

ag (I,m) curl[ ji (k;r) X, (Q)] }

Scattered (reflected) field can be expressed by the
following formulae:

Eg”(r):ii{ - al’(1,m) curl[h (k,r) X,,(Q)]+
- & ]

1=1 m=— (48)
+ a(Lmh (k3r)le(9)}
B (r)= i le {aé”(I, m) by (k;r) X,,,(Q) -
1=1 m=-I (49)

—kiaﬁﬁ(l.m) curlh (k,r) X.m(Q)]}

0
Electric field E"(r) induced (transmitted) in metal NP is
the sum of the transverse and longitudinal fields,
EY(r)=E] (r)+E;(r), where the transverse electric
field can be written as

El (r)=2"]z{k 81-( O)a(‘)(l,m) curl[j, (k1) X, (2)] + (50)
+ag (1m) j (k1) X, (2)

and longitudinal electric field that arises in metal NP due
to spatial dispersion (see (10) and (11)), respectively as

EL(r) = ZZaL(I m) vmk MY, (2)] - (1)

1=1 m=-|
The magnetic field msnde the metal NP can be expressed
as follows:
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0

B’ (r) = Z ZI: {a;”(l, m) Ji(k; 1) X, (@) -

1=1 m=—|

(52)

— a1, curll (1) X, (9)]}

From the continuity conditions for the tangential
components of electric and magnetic fields on the NP
surface and additional boundary condition in the form of
turning to zero of the normal component of free carrier’s
current density on the NP surface [10, 11], the following
expressions for the coefficients of multipole expansions
(48)-(51) could be found using (16)-(19):

al(,m=vrnada,m) . (53)
a”(,m=VEHal,m . (54)
af(,m=vr0al,m) . (55)
a(,m=vVEMal(,m) . (56)
a (ILm)=ViMmald,m) . (57)
V' =] Ve, iR (kR,) - 59
Vel (@0) Ji (R iR, | /o,
Vi) ={2, 5, (RDG, 00T, s, + (€l (0,0)-2) A= (59)
= & (0,00, (R (], s, | /A
Vi (1) ==z, /[ (R Ay, | (60)
Vi () =igl (0,0)/(kR, Ag, ) (61)
v;(l):—i \/M(Cgfz(.a),O)—ga) kR | 62)
K,k R (K, R,) A,
Ay =g (@.0) h (KR ji(kR,) - 63)
~J& i, (RN (KR,)
Ay = ] (@,0) ], (K R)D, (O, (64)
= &5 (R IXi ]y, — (Céf (@,0)—&;) B
A=10+Dj (kR ji (kR ji(kR)/[ KR, jikR) |+ (65)
B=1(1+D (kR ji(R)M (kR) /[ kR, Jik R ] (66)
C=s,/[l+&,(0)] - (67)

V1. CONCLUSION

Thus, in this paper all electromagnetic fields in the
nonspherical “semiconductor QD + metal NP” structure
are consistently calculated in the single scattering
approximation for the case of radiation of a point dipole
located inside QD. It enables finding the power and the
rate of radiation as well as the intensity of
electromagnetic energy absorption and the rate of
nonradiative losses in the system under consideration.
Hence the efficiency of radiation depending on the
distance D between QD and NP, radii R; and R, and
other parameters as well as its

change relatively to the case of isolated QD could be
calculated. After summing the contributions from all QD
unit cells in line with section Il analogous characteristics
including luminescence efficiency change could be found
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for semiconductor QD as a whole. Using found
connections between multipole coefficients of the
electromagnetic field in two different spherical
coordinate systems with the centers in QD and metal NP
the developed theory could be generalized to account for
multiple scatterings of electromagnetic field between QD
and NP.
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